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Abstrat
Analysis of interior permanent magnet motors with
non-overlapping windings
J.J. Germishuizen
Department of Eletrial and Eletroni Engineering
University of Stellenbosh
Private Bag X1, Matieland, 7602, South Afria
PhD Dissertation
Marh 2009
At present most of all existing variable speed drive systems are still based on indution
mahines. In order to redue energy loss, investment and maintenane osts there is a
trend to replae the indution motor and gearbox with a diret drive system. However, it
was only until reently that the progress in material siene made it possible to eonom-
ially implement mahines with permanent magnet tehnology in a diret drive system.
Interior permanent magnets motors with single layer non-overlapping windings have ad-
vantages, whih make it attrative for the use in diret drives. In the present dissertation
a fast and aurate analysis methodology, suitable in an everyday design environment is
oered. The method makes use of both the analytial and nite element method. Part
of the design proedure requires a systemati algorithm to alloate the stator slots to the
winding phase belts.
The auray of the proposed method was veried by means of a prototype tration
mahine. From the results it is onluded that three two-dimensional funtions an be used
to aurately alulate the performane of permanent magnet mahines in an everyday
design environment. The analysis method whih was developed is based on real physial
two-dimensional mahine models. The unique ontributions of the present dissertation
are the performane alulation method and an expression that denes a winding phase
belt.
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Uittreksel
Analise en ontwerp van elektiese motors met permanente
binnemagnete en nie-oorvleuelende wikkelings
J.J. Germishuizen
Departement van Elektriese en Elektroniese Ingenieurswese
Universiteit van Stellenbosh
Privaatsak X1, Matieland, 7602, Suid-Afrika
PhD Proefskrif
Maart 2009
Die meeste veranderlike spoed aandryfstelsels is tans gebaseer op induksiemasjiene. Om
energie verliese, beleggings en onderhoudskoste te verminder, is daar 'n tendens om die
induksiemasjien en ratkas te vervang met n direkte aandryfstelsel. Dit is eers onlangs
dat vooruitgang in die materiaal wetenskappe dit moontlik gemaak het om masjiene met
permanent magneet tegnologie ekonomies in n direkte aandryfstelsel te implementeer.
Elektiese motors met permanente binnemagnete en nie-oorvleuelende wikkelings het vo-
ordele wat dit baie aantreklik maak vir die gebruik in direkte aandryfstelsels. In hierdie
proefskrif word n vinnige en akkurate analise metode geskik vir n daaglikse ontwerps-
omgewing voorgestel. Die metode maak gebruik van beide die analitise en die eindige
element metode. n Deel van die prosedure benodig n sistematiese algoritme om die
stator gleuwe aan die wikkeling-fase-gordels toe te ken.
Die akkuraatheid van die metode word geverieer deur middel van n prototipe trak-
sie motor. Uit die resultate word die gevolgtrekking gemaak dat drie twee-dimensionele
funksies gebruik kan word om in n daaglikse ontwerpsomgewing die werkverrigting van
permanent magneet elektriese masjiene akkuraat te kan bereken. Die analisemetode wat
ontwikkel is, is gebasseer op die werklike siese twee-dimensionele masjien model. Die
unieke bydrae van hierdie proefskrif is die werkverrigtingsberekengsmetode en 'n uit-
drukking wat 'n wikkeling-fase-gordel denieer.
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Chapter 1
Introdution
Analysis of eletrial mahines is a very well-known subjet in eletrial engineering and at
a rst glane one might think that this eld annot be embarked on any further. However,
this is not the ase, sine advanes in materials suh as permanent magnets oer new
possibilities whih might not have been eonomial a few years ago. In addition to the
development of the materials used in eletrial mahines, the mathematial and physis
software tools for solving omplex problems and the visualisation of the results have also
improved. Furthermore, the tehnologies driving the miroproessors and storage devies
used in personal omputers have ontributed to solve diult mathematial funtions by
means of numerial methods. All these fators have inuened the way eletrial mahines
are designed and will be designed in the future. The researh presented in this dissertation
is a typial example of how advanes in other elds an lead to new ideas in eletrial
engineering, and espeially eletrial mahines.
1.1 Bakground to the study
At present most of all existing variable speed drive systems are still based on indution
mahines. A typial example are tration drives for rail vehiles. Today, the state of the
art drive system of metro trains with underoor tration equipment onsists of a 3-phase
IGBT onverter feeding two or four indution tration mahines in parallel. For the torque
transmission to the wheel-set a gearbox is needed, beause the indution mahine annot
develop suient torque in the available spae. For the transport operator the gearbox
means investment, maintenane, undesired noise and losses. Furthermore, Jökel et al.
(2006a) mentioned that the very high torque developed during a terminal short iruit,
whih arises from an inverter failure, leads to over-sized mehanial omponents. In order
to redue energy loss, investment and maintenane osts there is a trend to replae the
indution motor and gearbox with a diret drive system as pointed out by Jökel et al.
(2006). This not only improves eieny and performane, but also the life yle osts,
as shown by Germishuizen et al. (2006).
The mahine that is used in a diret drive system requires a high torque to weight
ratio, high eieny and a wide speed range for onstant power. The permanent mag-
net synhronous mahine fullls these requirements. Gieras and Gieras (2000) ompared
dierent mahine types and showed that the permanent magnet synhronous mahine
has the highest torque density and highest eieny. The mahine an also be used for
dierent appliations ranging from low speed to high speed. Compared to the indution
1
2 CHAPTER 1. INTRODUCTION
mahine the permanent magnet synhronous mahine an be designed with a greater vari-
ety of winding layouts. These advantages make it therefore feasible to design diret drive
tration mahines using permanent magnet tehnology. Usually suh designs lead to a
mahine with a high pole number and often with a frational slot winding.
Koh and Binder (2001) investigated the performane of permanent magnet mahines
for high speed trains. The suggested mahine has a double layer winding omprising
form-wound oils. This winding type has a high opper ll fator and although it was
found that this winding type has a good performane it is still quite expensive due to the
high number of form-wound oils. An alternative winding type is a non-overlapping single
layer onentrated winding. Here only every seond stator tooth has a oil wound around
it. Advantages are the shorter end-winding overhang, the simplied winding insulation
and a redued number of stator oils as pointed out by Cros and Viarouge (2002) as
well as Huth and Qian (2004). The shorter overhang means that the ative length an
be inreased. As a result the amount of opper in the end-windings is redued. These
advantages improve the eieny and lead to redued manufaturing osts. Drawbaks
are the lower power fator and possible rotor heating due to the harmoni ontent of
the air gap magnetomotive fore (mmf). In general the higher harmonis in the air gap
(and as a result the inreased leakage indutane) ause higher ore losses as reported by
Magnussen and Sadarangani (2003).
The design of the winding used in an eletrial mahine is often underestimated. This
does not neessarily need to be seen as negative, sine typially a manufaturer of mahines
will use approved designs. Suh a poliy has a lot to ommend it. Resorting to approved
designs means saving development osts and even a redued design phase. With new
materials available, older ideas whih seem to be forgotten, an be investigated. Only
then the real omplexity of designing windings omes to the fore.
The idea to replae the indution motor and gearbox with a diret drive is ertainly
not new. However, it was only until reently that the progress in material siene made
it possible to eonomially implement suh a onept. On 12 August 2008 the Munih
publi transport ompany MVG started the operation of an underground train that is
equipped with diret drive tehnology as reported by Tibudd (2008). It is the rst of
its kind and is a pratial example of an innovative strategy and approah to integrate
tration, bogie and braking tehnology. This new motor bogie tehnology weighs 30%
less than onventional state of the art motor bogies. The expeted redution in energy
loss is estimated to be 20% less than the present system in operation and will be tested
over a period of two years.
Due to the inreasing demand to redue manufaturing ost and weight, mahine
designs tend to beome more ompat. This leads to an inrease in the torque per volume
ratio. As a result, new materials with high magneti energy density suh as Neodymium-
Iron-Boron (NdFeB) allow a very ompat design in whih ase partiularly the permanent
magnet synhronous mahine benets. In addition, the emphasis on aurate performane
estimations beomes essential and requires in many ases the use of numerial methods
suh as the nite element method. Compat designs also mean that the laminated parts
are highly saturated and as a onsequene the approximation of the material behaviour
beomes an essential design omponent. And beause of the lak of auray analytial
solutions may lead to inadequate designs. Moreover, reduing osts may be ahieved by
the use of simple omponents whih allow easy manufaturing. Therefore, a mahine
manufaturer has to keep trak with all these aspets in order to be ompetitive.
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1.2 Problem statement
Designing the winding is from an eletromagneti point of view the most important part
in mahine design. In this step the oil sides of the phases need to be assigned to an ap-
propriate stator slot whih allows a rotating magneti eld when phase displaed urrents
are applied to the winding. One the assignment is done, adjaent oil sides belonging to
the same phase are alled a phase belt. This is the denition used in modern textbooks
suh as that written by Fitzgerald et al. (1992) and was already in use in early papers by
Kauders (1932)
1
.
When designing interior permanent magnet mahines with non-overlapping onen-
trated windings it is neessary to have an inexpensive method whih aurately alulates
the mahine's performane over a wide speed range. In addition, it is desirable to use
the nite element method (FEM) sine it takes into aount the atual mahine geometry
as well as the non-linear material properties. Additionally, it should be fast and suitable
in an everyday design environment. Therefore the main researh question of the present
dissertation is:
How an an analysis method be desribed to aurately alulate
the performane of interior permanent magnet motors with non-
overlapping windings in an everyday design environment?
In order to answer the main researh question, it is neessary to have a systemati
algorithm to alloate the slots. Then, after doing this, the onentrated oils an be
inserted in the appropriate slots. The immediate and essential sub-question that rst
needs to be answered is:
What is the mathematial expression to alloate the stator slots
belonging to a phase belt?
Another sub-question arises from the requirement to alloate the slots that belong to a
phase belt. Espeially when using FEM to analyse mahines, the entering of the winding
arrangement is a omplex proess. The problem is exaerbated if dierent winding types
are to be analysed. Furthermore, in the oneptual design phase a ompat representation
of the winding ould simplify the hoie of the initial geometrial parameters. Therefore
the seond sub-question is:
How an a winding layout be represented in a ompat form?
1.3 Overlapping and non-overlapping windings
Fig. 1.1(a) shows a double layer overlapping winding. In the drawing some of the oils are
removed whih makes it easier to identify the two layers. In (b) a non-overlapping single
layer winding is shown. Only eah seond stator tooth has a oil wound around it.
Non-overlapping windings are a sub-set of frational slot windings and need some
extra disussion. It is often ategorised as onentrated. This is not neessarily wrong
but is inongruent with the formal denition. The opposite of a onentrated winding is
a distributed winding. In the latter ase a the oils of a given phase are distributed in
1
See 2.3 for a short portrait of Wilhelm Kauders.
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Figure 1.1: Double layer overlapping and single layer non-overlapping windings
several slots. When referring to overlapping and non-overlapping windings a onentrated
winding ould be dened as follows:
1. Formally a onentrated winding is one where the number of slots per pole and phase
equals one. In this ase the oil pith equals the pole pith and it is ategorised as
overlapping. This means that eah oil side of the winding is plaed in a single slot.
If the oil spans a pole pith, it is alled a full-pith onentrated winding.
2. Non-overlapping ould also be lassied as onentrated, but then it is not done
in terms of the formal denition. Conentrated in this ase means that a oil is
onentrated around a stator tooth as shown in Fig. 1.1(b).
A simplied illustration of single and double layer non-overlapping windings
2
is shown
in Fig. 1.2 and the dierene between them is given in Tab. 1.1. For the purposes of the
present dissertation a double layer winding is dened as follows:
Denition 1.3.1 A double layer winding has two oil sides per stator slot. Double layer
in the ase of overlapping windings means that the oil sides in a slot are plaed radially
in two layers. In the ase of non-overlapping windings a double layer winding has two
oil sides side by side.
Table 1.1: Dierene between single and double layer windings
Single layer Double layer
In the ase of the single layer winding eah
stator slot has only one oil side assigned
to it as shown in Fig. 1.2(a).
A double layer winding has two oil sides
assigned to a stator slot as shown in
Fig. 1.2(b).
In the literature dierent denitions of terms are in use for non-overlapping onen-
trated windings. The most ommon of them are:
2
In German these winding types are ommonly referred to as Zahnspulen whih means tooth oils.
Although tooth oils seem to be a very desriptive name for these windings, it is often alled onentrated
oils in the literature.
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Figure 1.2: Double and single layer non-overlapping windings
 Magnussen and Sadarangani (2003): onentrated windings;
 Magnussen et al. (2004): onentrated frational pith windings;
 Salminen et al. (2004a): frational slot wound; and
 Bianhi and Bolognani (2004): frational slot.
If the oils are to be equally in shape, whih simplies manufaturing, it is reognised
that a single layer ould easily have a variable slot pith
3
. Furthermore, the oils ould be
implemented as either form-wound or round-wound. Returning to the variable oil pith
of the single layer, it is important to mention that this is an extra degree of freedom that
oers to be an attrative design parameter. The air gap ux that links the oil ould thus
be inreased and torque ripple an be improved.
It is therefore helpful to lassify a onentrated winding either as an overlapping
or non-overlapping onentrated winding. Cros and Viarouge (2002) ertainly aroused
interest in non-overlapping onentrated windings with their paper entitled Synthesis of
High Performane PMMotors With Conentrated Windings, sine this is a paper whih is
very often used as a referene on these winding types. This ould be a possible explanation
for the use of the term onentrated windings rather than tooth oil windings.
The expansion of the lassial winding types used in mahines by non-overlapping
windings oers new possibilities in espeially tration mahine design. The main researh
question in setion 1.2 suggests a design algorithm that takes into aount the non-
overlapping type. Obviously a method that is valid for all types is required. In addition,
it should be easy to integrate into whihever proess is in use.
1.4 Approah to the problem
As a rst step towards the analysis of interior permanent magnet synhronous mahines
with non-overlapping onentrated windings, an in depth overview of the systematis ofm-
phase windings is required. The paper of Kauders (1932) and the book of Nürnberg (1952)
are two very good examples
4
. A historial overview of winding design and tendenies in
3
The onept of a variable oil pith is explained in hapter 3. Also refer to Fig. 3.5 for regular and
irregular distributed slots.
4
This literature is unfortunately written in German, whih means that it is not easily aessible for
those with little or no German knowledge.
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mahine analyses are given in hapter 2.
Addressing the researh questions in setion 1.2, a good starting point would be to
derive the air gap mmf using the lassial single oil approah and then expand it for
three phases. It would be ideal to nd a systemati algorithm for assigning the oils to
the stator slots. The derivation of the air gap mmf and winding theory is presented in
hapter 3.
The new perspetive on the winding representation and its properties oered in the
present dissertation are then applied to a tration mahine ase study. Here only the
degree of freedom that single layer non-overlapping windings provide, is foused on. This
is explained in hapter 5. Some important remarks on non-linear mahine analysis to
support the design results are explained in hapter 4.
A prototype and its measured results to verify the design proess are given in setion
5.6. Finally, the onlusions and reommendations for further studies are presented in
hapter 6.
1.5 Sienti ontributions of this dissertation
The design of permanent magnet motors often results in the use of a frational slot wind-
ing. Dierent methods are available to design these windings (whih are often graphially
presented), of whih none takes into aount single layer non-overlapping windings (whih
ould have a variable slot pith). Moreover, due to the dierent slot ongurations, ma-
terial non-linearities and saturation eets, it is impossible to nd analytial methods to
fulll these requirements. In an everyday design environment it is neessary to have au-
rate and reliable tools. The sienti ontribution of this dissertation an be summarised
as follows:
 A general method to design single layer non-overlapping windings with a xed and
variable slot pith is oered. The winding design is presented in its most ompat
form and has all the information on the physial layout as well as the winding
harmonis. It will be shown that the developed method applies tom-phase windings
in general as well.
 Developing an analytial model for the magneti iruit of interior permanent mag-
net motors is nearly impossible. A better method is to make use of both the analyti-
al and nite element method. The mahine is haraterised by three (nite element
analysis generated) two-dimensional funtions and frequeny dependent losses are
alulated analytially.
 The methodology from the study is applied to a 150 kW prototype motor designed
for a tration appliation. The manufatured mahine has 30 stator slots and 20
poles. Pratial measurements were done to verify the omputational results pre-
sented.
1.6 Delimitations of the study
The aim of this study is the analysis of interior permanent magnet synhronous mahines
with single layer non-overlapping windings. A omparison with other mahine types is
not given. The single layer non-overlapping winding oers an inherent degree of freedom,
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namely the variable oil pith. Sine this is not typial for other
5
winding types, this will
be the only design aspet that will be foused on. A detailed mahine optimisation is not
provided.
1.7 Layout of the dissertation
The researh results are presented in six hapters as follows:
Chapter 2: A short literature overview whih gives a brief historial view of winding
design is presented. This is followed by general tendenies in mahine analyses.
Chapter 3: An algorithm is derived to present a winding in a matrix form. This ompat
form allows the alulation of the winding fators for all harmonis. The basis of the
algorithm is the phase belt sequene and the phase belt onstraint whih is derived
from the air gap mmf envelope funtions.
Chapter 4: This hapter desribes the nonlinear magneti iruit analysis of the interior
permanent magnet mahine. The hosen method is that of the nite elements.
The hapter starts o with an introdution to the nonlinear materials used in the
design, followed by a detailed alulation of the relevant mahine quantities whih
are neessary for a performane alulation. The hapter onludes with a detailed
explanation of how to perform a harmoni analysis.
Chapter 5: FEA and analytial methods are ombined to introdue a design proedure
suitable in an an everyday design environment. The hapter onludes with a ase
study of a prototype tration motor with non-overlapping single layer onentrated
windings and interior permanent magnets. Pratial measurements on the prototype
are ompared to alulated values and disussed.
Chapter 6: This hapter entails onlusion and reommendations for further study.
Where appliable all the explanations are aompanied by an example based on the pro-
totype mahine whih has 30 stator slots and 20 poles. A detailed desription for this
ombination is given in hapter 5.
1.8 Diulties enountered during the study
The major diulty enountered during the study was the limitations of ommerial nite
element software to generate and post-proess nite element analysis data in an eient
way. Even the integration thereof in ustomised software tools was nearly not possible.
This diulty was overome by using non-ommerial nite element software, FEMP
(Finite Element Method Program). However, it was rst neessary (through intensive
Fortran programming) to adapt the software to inlude permanent magnets and allow
positive boundary onditions.
5
When referring to other winding types, it means double layer non-overlapping as well as single and
double layer overlapping windings.
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Initially the winding fator and results from the disrete Fourier transform were treated
as absolute values. Keeping these values as omplex numbers greatly simplies the anal-
ysis, sine (through a proper hoie of referene axis) information on the winding axes
and the dq-variables are given.
1.9 Notes to the reader
The work presented in this thesis was done in Nürnberg, Germany. Consequently many
of the literature used were in German. To name only a few, books by Nürnberg (1952),
Klamt (1962) and Jordan et al. (1975) are still ommonly used in design oes. It is
notieable that even though there exists a list of symbols for various quantities, English
and German have in some ases dierent symbols for the same quantity. This is mainly
due to the fat that languages develop individual and of ourse olloquial language rules.
Even a diret translation does not neessarily give the typial word used. An example is
the German word Felderregerkurve. A diret translation would be eld exitation urve,
whih of ourse is not wrong. However, the eld exitation urve in eletrial terms
is usually known as the magnetomotive fore (mmf). Tab. 1.2 gives some ommon
eletrial mahine quantities in English and German, and the dierent symbols in use.
Table 1.2: Typial mahine quantities, there German translation and ounterpart symbols
Quantity English German Unit
magnetomotive fore (Durhutung) F Θ A
ux linkage (Flussverkettung) λ ψ V·s
voltage (Spannung) V U V
spei resistane (spezisher Widerstand) ρ ̺ W·m
spei weight (spezisher Masse) ρ γ kg·m−3
ondutivity (Leitfähigkeit) σ κ S·m−1
ross setion area (Quershnitt) A Q m2
turn number (Windungszahl) N W -
It is ommendable that the German terminology on eletrial mahines allows a very
preise desription of almost all aspets related to the subjet. In many ases it is diult
to nd an equivalent tehnial term in English, beause it simply does not exist. The
problem of dierent terminologies even exists within a language: dierent shools use
dierent terms whih makes the study of mahine related books not easy. Also historial
hanges need to be kept in mind.
The term mahine as used in the present dissertation means it ould be a mahine
that is operated either as a motor or as a generator. In the title the term motor is
used, sine only the measured results of motor operation are presented. However, in the
theoretial setions, the word mahine is preferred.
The doument is optimised for a two-sided printout. A ip-book shows that the
fundamental and fth harmoni of the mmf rotate in the opposite diretion.
Chapter 2
Literature overview
In this hapter a brief overview of the history of stator windings (layout and design) is
given. Sine this topi evolved over many years an in depth history is beyond the sope
of the present dissertation. However, a few important works need to be mentioned.
2.1 A historial view of winding design
In the rst of his two remarkable papers Kauders (1932) explains the systematis of
stator windings and the alulation of the winding fators. The aim in this work was
to determine the parameters that haraterise the air gap mmf of the winding. Also in
this paper the indued voltage in the oil sides is already mentioned and represented
as a vetor. The resultant vetor diagram was alled the star of oil groups (German:
Spulengruppenstern). The adjaent vetors on suh a diagram that belong to the same
phase is alled a phase belt (German: Zone).
Two years later, in the seond paper by Kauders (1934), the algebrai methods devel-
oped in the rst paper were visualised by means of Tingley's diagram. The latter ould
be referred to as a linear representation of the now alled star of slots (German: Nuten-
stern). The star of slots is onstruted using the eletrial angle between two adjaent
slots. Computer tehnology as we know it today was not available at the time and the use
of graph paper ertainly was ommon. Furthermore, suh graphial methods denitely
ontributed to the subjet of stator windings.
Vilém Klíma (Wilhelm Kauders) died on 6 Otober 1985 and in an obituary by
Frohne and Seinsh (1985) it is mentioned that Klíma's equation for the distribution
fator
6
of frational slot windings is not found in textbooks. Another remark in the obit-
uary is that in some referenes it is stated that it is not possible to nd a losed-form
expression for the winding fator of frational slot windings. In the rest of this litera-
ture overview, none of the authors (exept Kremser) refers to or makes use of Klíma's
losed-form expression
7
.
More than fty years later than Kauders (1934), Kremser (1989) introdued a ompre-
hensive study of frational slot windings and the urrents in the parallel paths of rotating
mahines. The reason for this big time gap does not mean that nothing had happened in
the mean time in winding design; it should be kept in mind that this overview only points
out some important aspets. In the rst part of Kremser's dotoral thesis a detailed
6
Also known as the breadth fator.
7
A summary of losed-form expression is given in appendix A.
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algebrai desription of single and double layer frational slot windings is presented. In
order to alloate the oils to the stator slots, modular arithmeti, whih uses the so-alled
ommutator pith, is used. This an be seen as a step toward using omputer programs to
automatially performing winding designs. In the star of slots the vetors start wrapping,
and one put on a graph, two vetors having angles of 45° and 405° respetively lie exatly
on eah other. The star of slots is thus the same as the remainder after dividing an angle
by 360° whih an easily be implemented by means of the modulo funtion.
Wah (1997) explains another algebrai method to design stator windings whih has
muh in ommon with that presented by Kremser (1989)
8
. The methods presented in the
paper is haraterised by the matrix representation of a winding. The winding matrix
simplify the winding fator alulation and avoids omplex equations. Basially the ve-
tors of the star of slots is used in matrix form. What is alled the winding matrix ould
be seen as the matrix representation of Tingley's diagram. A drawbak of the method is
that eah matrix entry for double layer windings has two values. In omputer program-
ming this should be solved by either a multi-dimensional matrix or two two-dimensional
matries. In another paper by Wah (1998), the fous is on the optimisation of frational
slot windings. In spite of the fat that this paper is a very good soure on the topi of
winding design, none of the literature in the rest of this setion refers to it.
Cros and Viarouge (2002) showed that the use of stator oils wound around the stator
teeth has some attrative advantages for manufaturing. The oils do not overlap whih
means that the manufaturing is simplied and the winding overhang is less than that
of overlapping windings. Eletrially the shorter winding overhang means the use of less
opper. Furthermore, the non-overlapping windings are derived from single or double
layer overlapping windings. It is also pointed out that in the ase of single layer non-
overlapping windings the oil pith an be inreased and used as a design parameter
9
.
The latter, however, is not taken into aount in the winding fator alulation. This
paper is referened quite often, proving the interest among mahine designers in non-
overlapping windings.
Salminen (2004) did an extensive study on frational slot windings for low speed appli-
ations. The main objetive in the dotoral thesis is to ompare dierent slot ombinations
of a mahine with a xed air gap diameter in the 45 kW range. Although both single and
double non-overlapping windings are taken into aount, the fous is on the double layer
type. Sine round wire oils are used in the investigated appliation it is appropriate to
use a double layer rather than single layer. If form-wound oils were used the hoie of
double layer windings would have aused some diulties when inserting the oils into
the stator slots. Also, the stator had semi-losed slots. The star of slots is referred to as
the voltage vetor graph in Salminen's thesis. A very important omment by the author
is that are should be taken when the winding fators for dierent winding types are to be
alulated. Depending on the winding type the right set of equations should be hosen.
Skaar et al. (2006) proposed a method to alulate the winding fators for onentrated
oils without knowledge of the winding layout. This is of ourse suient to quikly
ompare dierent slot and pole ombinations. Using this method it is shown that the
best number of slots per pole and phase should be in the range ¼≤ q ≤ ½.
The tutorial presented by Bianhi et al. (2007) is an in-depth study of frational slot
8
It should however be notied that the authors Wah and Kremser are from Poland and Germany
respetively.
9
See Fig. 3.5 for regular and irregular distributed slots.
2.2. TENDENCIES IN MACHINE ANALYSIS 11
windings in general. In their tutorial notes a distintion is made between overlapping and
non-overlapping windings. Here too the non-overlapping type is derived from a double
layer overlapping winding.
2.2 Tendenies in mahine analysis
When analysing permanent magnet eletrial mahines it is not neessary to start from
srath. Sine the indution mahine has been known for more than 100 years the devel-
oped methods serve as a good basis. A well-known book on indution mahines is Die
Asynhronmashine (ommonly known as the indution mahine) by Nürnberg (1952).
The book gives a very detailed desription of modeling tehniques whih an be used in
the design of indution mahines (whih is of ourse not limited to indution mahines
only).
2.2.1 Introdutory remarks
It is important to mention that Nürnberg (1952) uses equivalent B(H) urves for the
alulation of the mmf's in the teeth and yoke. This is not wrong and indeed helps to
understand the physial behaviour of the mahine. However, the urves evolved over many
years and are based on measured results and are only valid for steady-state operation.
Fig. 2.1 illustrates the priniple of leakage ompensation (German: Zahnentlastung).
Due to saturation, ux lines leave the teeth tips and are parallel to the slot wall. This
means that the ux density in the stator teeth dereases. Sine the single layer non-
overlapping winding ould have a variable oil pith the stator has two tooth types. The
validity of the ompensation urves given by Nürnberg (1952) and applied to mahines
with dierent stator slots was not investigated and ould be a very interesting topi for
further study. The approah in the present dissertation is to use the nite element method,
whih alulates the exat ux densities by means of a physial model.
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Figure 2.1: Leakage ompensation in the stator teeth
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2.2.2 The nite element method as a design tool
From most reent onferene ontributions there is a notieable tendeny to use numerial
methods like the nite element method in the initial design phase. Germishuizen and Kamper
(2007) proposed a new alulation method for alulating the mahine performane from
ux linkage and torque funtions. These funtions are obtained from a nite element
analysis (FEA).
Centner (2008) introdued a software tool for the design of high-speed indution ma-
hines. For suh mahines the loss alulation and the inuene of the material properties
are very important. Therefore, to aount for these aspets the nite element method
is ombined with analytial expressions. Hafner et al. (2008) suggested a similar design
strategy for the same reasons.
Reihert (2004) explains a simplied approah to determine mahine harateristis
by means of the nite element method. In doing so the non-linear material behaviour is
aounted for and is still fast and aurate. Garbe et al. (2008) also ombines FEM and
analytial expressions to alulate motor parameters.
2.2.3 The inuene of saturation on transient solutions
Seifert and Strangmüller (1989) showed that the use of indution motor parameters alu-
lated in the lassial way leads to inaurate preditions of mahine behaviour under fault
onditions suh as terminal short iruits. Experiened based fators were introdued to
aount for the lak of auray. Again, this is an example of a situation where results
must be known in order to obtain useful saturation fators.
Besides the saturation of the materials used the modeling thereof is also essential for
mahine behaviour. The material behaviour up to saturation is explained in setion 4.2
and, where appliable, referened to the literature. Ponik (1993) showed that negleting
the eet of saturation in transient solutions an lead to inaurate results. It is suggested
that not only the indutanes inuened by saturation, but the hange in urrent as well,
should be taken into aount. Avoiding saturation ould result in undersizing of ritial
mehanial omponents. Depending on the mahine appliation, undersized mehanial
parts an beome a safety problem, for example in tration drives for rail vehiles.
Retière and Ivanès (1998) oered study methods of three-phase short iruits of indu-
tion mahines. The reverse peak torque during a short iruit an ause serious mehanial
stress. The authors show that for indution mahines the saturation and the skin eet
in the rotor bars should be aounted for in the alulation of the reverse peak torque
and that it is neessary to take into aount the saturation eets. Brauer et al. (2004)
ompared the dynami short iruits of indution mahines (IM) to that of permanent
magnet synhronous mahines (PMSM). An important outome of their study is that in
the ase of the two-phase short iruit a PMSM starts to osillate and ontinues to do
so until it is isolated from the inverter. It is also emphasised that these fault onditions
should be alulated using FEM. Eihler et al. (2008) also desribes that linear mahine
models annot be used to simulate wind generators in the 5MW range.
There is a lak of experiene in the development of permanent magnet mahines om-
pared to indution mahines. This means that the use of for example ompensation urves
to aount for saturation should be avoided, sine it might lead to inaurate design alu-
lations. Furthermore, it should be notied that suh ompensation urves were developed
also due to the lak of omputation tehnology. At present the latter is no problem any-
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more and the use of state of the art tehnology is advisable for aurate preditions. This
is even more important as prototyping (and measurements to nd ompensation fators)
is to be kept to a minimum for eonomi reasons.
2.2.4 Present approahes in iron loss alulation
The huge number of sienti ontributions found on iron loss alulations emphasises
the omplexity of iron losses. Two aspets that denitely ontribute to this fat is that
the material data annot be desribed analytially and is usually presented in graphial
form. Seondly, the inuene of the manufaturing proess is diult to aount for.
It is important to mention that a good approximation of the spei loss is found in
Nürnberg (1952). Here the spei loss of one kilogram of deburred laminated steel in W
is given by
pFe =
(
kh
f
50
+ kc
(
f
50
)2)(
B
1T
)2
(2.2.1)
The oeients kh and kc aount for the hysteresis and lassial eddy urrent losses
respetively. Sine the frequeny in the stator is onstant for a given operating point
it is onvenient to separate the frequeny and ux density omponents of the loss as in
(2.2.1). In Nürnberg's book it is also mentioned that the iron loss alulated in this way
is less than the measured loss using the Epstein
10
frame. To aount for this inauray
it is suggested to multiply the alulated iron loss in the yoke and teeth by 1.5 and 3
respetively. This holds for stator slots whih is semi-losed. For open stator slots the loss
in the teeth tends to inrease even further. Due to this unertainty it is understandable
that Nürnberg (1952) advised the following
11
: Wegen der erheblihen Unsiherheit bei
der Eisenverlustberehnung gehe man aber niht in die Feinheiten. This shows the limits
of empirial models before tehniques like the nite element method were introdued.
Bertotti (1988) introdued what is alled the exess loss and thereby expanded the
analytial expression for spei loss by a ke(fB)
1.5
term. Thus, (2.2.1) hanges to
pFe =
(
khf + kcf
2
)
B2 + ke(fB)
1.5
(2.2.2)
Lin et al. (2003) used the expression (2.2.2) in a transient nite element analysis. The
advantage in doing so is that the atual ux densities are diretly obtained from the nite
element solution. Germishuizen and Stanton (2008) showed that the loss alulation in
(2.2.2) is only a theoretial loss estimation based on extrapolated data obtained from
results measured in the Epstein frame. Instead of using dierent fators for the yoke and
teeth to aount for the manufaturing inuene, a single manufaturing fator should be
applied to the overall result. For mahines in the 200 kW range a manufaturing fator
of two is found to be adequate. Another outome of this paper is that inadequate loss
omputations ould easily lead to misinterpretation of results.
10
In Nürnberg (1952) the Epstein frame is wrongly spelt Eppstein (whih is a small town in Germany
not far from Frankfurt am Main).
11
English: Due to the unertainty in the iron loss alulation a detailed disussion is not given.
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2.3 A short exursion into the life of one of the
authors onsulted
At this point I would like to make a short exursion and report a very interesting inidene
for the following reasons:
 Nearly none of the referenes onsulted took note of Vilém Klíma's losed expression
for the alulation of the distribution fator.
 Vilém Klíma's life story is an inspiration for young researhers.
 Published researh about the intelletual life of the Jewish elite in the ghetto There-
sienstadt led me to this disovery.
If one takes a loser look at the referenes listed in the last paper by Klíma (1979),
there is an entry entitled Systematik der Drehstromwiklungen and the author is given
as V. Klíma (Kauders). To supply a name between brakets is not typial, and this
ourrene made me suspiious, sine the only paper I ould nd with this title is written
by Wilhelm Kauders. As I ould not explain the enigma, I started to ask questions
and never expeted to nd answers about tragi events that ourred during the Seond
World War. Sine I grew up in South Afria whih, ompared to other ountries, was
little eeted by the war, this disovery made the experiene extraordinary.
2.3.1 Coming aross a very interesting soure
Nowadays it is typial to use the well-known Google searh engine. Trying a few ombi-
nations of the names Kauders and Klíma, I ame aross a list of leturers in the ghetto
of Terezin (Theresienstadt). The entry details for Kauders are given in Tab. 2.1.
Table 2.1: Klíma's entry in the list of leturers in the ghetto Theresienstadt
Name and Title Kauders (Klima) (Vilem) Dr.
Birth Date 10.04.1906
Deported to Terezin 04.12.41
Deported from Prague
Deported from Terezin 01.11.44
Survived in Grossrosen
This led me to the book University Over The Abyss: The story behind 520 leturers
and 2,430 letures in KZ Theresienstadt 1942-1944 by Makarova et al. (2004). A very
interesting detail from the book is that Dr. Goldshmied and Dr. Kauders were seretly
taken to Germany to improve the performane of German radar
12
. A witness, Gerda
Haas, remembered the following:
12
Aording to Ivan Klíma (Klíma's son), Vilém Klíma was sent together with two other speialists:
Mr. Goldshmied and Mr. Kohn to the onentration amp in Grossrosen. Mr. Goldshmied and Klíma
stayed only for a few weeks in Grossrosen. As a result of the evauation of the amp both of them were
sent to KZ Sahsenhausen.
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One day, the two were ordered to prepare themselves to leave Terezin. Their
suitases must have been leaned of any signs and numbers, yellow stars were
torn o. They were told that they would be employed for a large industrial
onern in Germany. Their dependents stayed in Terezin. Soon, Kauders
sent a postard saying that he was in the [onentration amp℄ Rosenberg (or
-burg), where he was freezing terribly and where he worked on his books all
day.
The rst book by Klíma entitled Trojfázové komutátorové derivaèní motory: jejih
teorie a praxe was published in 1962. Then in 1975, together with H. Jordan and
K.P. Kovás, Vilém Klíma published a book on indution mahines entitled Asynhron-
mashinen.
Through information supplied in the prefae of the book published in 1975, I realised
that Klíma must have had ontat with the University of Hanover, Germany. In this way
I made ontat with Prof. Hans Otto Seinsh at the same university who kindly provided
me with details on Klíma and even gave me the ontat details of one of Klíma's students,
Prof. Zdenek e°ovský. Sine Prof. e°ovský was not only a student of Klíma, but also
a friend, I managed to ontat Klíma's son, Ivan Klíma.
An obituary in German was written by Frohne and Seinsh (1985) and one in Czeh
by e°ovský (1986).
2.3.2 A short biography of Vilém Klíma
Vilém Klíma nished his studies with distintion in 1928 at the German tehnial Univer-
sity in Prague. He then started to work for the ompany eskomoravská-Kolben-Dan¥k
(KD) in Prague. In 1932 Vilém Klíma reeived his Dr.-Ing. for his dissertation entitled
Systematik der Drehstromwiklungen.
After the Munih Agreement in September 1938 the Czeh boundary territory was
oupied by the German army and later in Marh 1939 the whole of Czehoslovakia was
oupied. Then, in November 1941, Vilém Klíma was ordered to leave for the onen-
tration amp at Terezin, whih was a holding amp for Jews from entral and southern
Europe, and was regularly leared of its overrowded population by transports to death
amps suh as Aushwitz. During April 1944 Vilém Klíma survived the so-alled death
marh (a mirale at that time). Beause of the hated German oupations of Czehoslo-
vakia, Klíma hanged his name from Wilhelm Kauders to Vilém Klíma. At the time it
was a frequent deision of Czeh families with German names to hange their names to
Czeh-sounding names.
After the war Klíma started a researh entre, Centre for Eletri Mahines, in
Brno where he was the rst diretor until 1951. In 1958 Klíma was awarded the ti-
tle of Dr.Sientium tehniarum for his thesis entitled Theorie der Selbstserregung von
Drehstromnebenshluÿ-kommutatormotoren mit Kondensatoren im Läuferkreis und ihre
Verhütung. Until his retirement in 1973 he was part of the researh entre in B¥hovie
near Prague. Vilém Klíma died on 6 Otober 1985 in Prague.
Taking note of the diult irumstanes Klíma enountered during his life, any re-
searher in the eld of eletrial engineering an indeed feel inspired.
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Figure 2.2: Vilém Klíma, 10.04.1906-06.10.1985
Chapter 3
Design and analysis of stator windings
In order to answer the researh sub-questions, this hapter is devoted to a derivation
of an algorithmi method to design m-phase symmetrial windings and a representation
thereof in a ompat form. The basi priniple of the winding of an eletrial mahine is
to obtain a rotating magneti eld in the stator (the stationary part) that interats with
the moving part (the rotor). This is ahieved by arranging the oils of the winding in the
stator slots around the air gap periphery in suh a way that a rotating eld is developed
when applying urrents. As a result the indued voltage, whih arises from ux per pole Φˆ,
is obtained from Faraday's law. In general the sinusiodally indued voltage for a winding
having Ns series turns per phase is
Ui =
√
2πf1ξpNsΦˆ, ξp ≤ 1 (3.0.1)
where ξp is the winding fator of the working harmoni. The indued voltage in (3.0.1)
brings the importane of the winding design to the fore. For a given design requirement,
it is desirable to have ξp as high as possible.
3.1 Denition of the working harmoni
Throughout the analysis all harmonis are referred to in terms of the bore 2π of the
mahine, i.e. the fundamental harmoni has the order ν = 1 and forms one pole pair. The
harmoni that produes the magneti eld that interats with the rotor poles 2p has the
order ν = p and is alled the working harmoni. Any other harmoni of the νth order will
have ν pole pairs and spans a peripheral angle of 2pi
ν
.
Often the harmoni orders are normalised with respet to the working harmoni,
i.e. ξν/p. This then means that the working harmoni is written as ξ1 and sub-harmonis
will have a fration as subsript. This notation will not be used in the present dissertation.
3.2 Classiation of symmetrial windings
The winding design an be quite a diult task and at this point it is useful to have a
oarse lassiation of symmetrial windings. Sine symmetrial windings omprise suh
a great variety, an attempt to ategorise them will depend on the properties by whih
they are to be sorted.
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3.2.1 Slots and oils per pole and phase
Any m-phase winding ould be haraterised by its number of slots per pole and phase.
However, when omparing dierent winding designs with eah other this number alone
is insuient. It does not take into aount the number of layers the winding has. In
addition, the number of oils per pole and phase should be dened. For a mahine with
Qs stator slots, p pole pairs and m phases the following denitions holds:
Denition 3.2.1 Slots per pole and phase:
q =
Qs
m2p
=
qn
qd
(3.2.1)
qn
qd
is the redued form of q. Eah phase has qn slots that are distributed over qd poles.
In the ase where qd equals one, q is an integer and the winding is alled an integer slot
winding. When qd is greater than one, it is alled a frational slot winding.
Denition 3.2.2 Coils per pole and phase:
qc =
Qc
m2p
=
qcn
qcd
(3.2.2)
qcn
qcd
is the redued form of qc. Eah phase has qcn oils distributed over qcd poles. If qcn is
greater than one and qc is not equal to one it is a distributed winding.
These harateristi numbers give useful information on the winding when they are written
as a redued improper fration
13
. Additionally, the properties of single and double layer
windings are summerised in Tab. 3.1.
Table 3.1: Properties of single and double layer windings
single layer winding double layer wind-
ing
q = 2qc q = qc
Qs = 2Qc Qs = Qc
3.2.2 Average oil pith
The oil pith is dened as the peripheral angle between the two oil sides. It is pratial
to express the oil pith in terms of the number of slots. Therefore, it is an integer number.
Denition 3.2.3 The average oil pith is dened as
yp =
Qs
2p
(3.2.3)
13
The redued fration ould be either a proper or an improper fration. An improper fration has
the numerator greater than the denominator.
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and the implemented oil pith is given by
yd = int(yp)± k
{
k ∈ N
yd ≥ 1
(3.2.4)
In the ase where yd = yp it is a full-pith winding. If yd 6= yp it is alled a frational
pith winding.
3.2.3 Classiation sheme
The aim of the lassiation sheme is to nd a way to relate dierent winding types to
eah other. It is also a useful guideline to ompare windings that belong to the same
ategory. For the design methodology oered in the present dissertation, the following
winding parameters are hosen for the lassiation:
1. the redued form of the number of oils per pole per phase;
2. the average oil pith; and
3. the number of layers.
Fig. 3.1 shows a possible way to lassify symmetrial m-phase windings. The reason
for hoosing the average oil pith as a seond property arises from the onstrution
of the oils and it is valid for all types of windings. It ould be seen as the ideal oil
pith. Additionally, the number of layers is a key parameter sine the tehnology for
manufaturing and the material used in single layer windings are dierent from that used
in double layer windings. Using this lassiation sheme, the following denitions are
assoiated with windings:
Distributed winding: If the numerator qcn of qc is greater than one, the winding is
distributed. This means that the oil sides are distributed over qcn slots. The
opposite of a distributed winding is a onentrated winding.
Conentrated winding: In the ase where qcn equals one, it is alled a onentrated
winding.
Conentrated oil: When yd equals one, it is a onentrated oil. In this ase the oil
is onentrated around a stator tooth. a onentrated winding.
Single and double layer: These windings are dierentiated by the number of oils om-
pared to the number of stator slots. In single layer windings the number of oils
equals half the number of stator slots, while for double layer windings the number
of oils is equal to the number of stator slots. In the present dissertation a double
layer winding has two oil sides per slot whih ould plaed radially in two layers
or side by side.
Overlapping and non-overlapping: In overlapping windings the oils overlap and the
oil pith yd is greater than one. If the oil pith yd equals one, the oils do not
overlap.
Integral slot winding: If the denominator qd equals one, the phase belt has qn slots
over one pole.
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Frational slot: The denominator of q is greater than one. This means that the qn slots
are distributed over qd poles. In addition, the average oil pith yp is a fration.
It is important to distinguish between a onentrated winding and a onentrated
oil. The lassiation sheme in Fig. 3.1 denes a onentrated winding in a unique way.
Conentrated windings are dened dierently in literature. Salminen et al. (2004b) refers
to it as a traditional single layer winding whereas Magnussen and Sadarangani (2003)
refers to it as distributed.
Partiularly the windings dened as a frational slot are very attrative for use in
permanent magnet synhronous mahines. Espeially the single layer non-overlapping
winding ould be used to redue
 manufaturing osts ompared to overlapping windings;
 the end winding losses;
 torque ripple; and
 the mutual oupling between the phases.
3.3 Charateristis of symmetrial windings
This setion ontains the major properties by whih symmetrial m-phase windings are
haraterised.
3.3.1 Basi winding
Denition 3.3.1 The smallest repetitive segment is alled the basi winding (German:
Urwiklung).
Due to symmetry only the basi winding needs to be determined. If qd is less than p the
winding is omposed of t idential basi windings, i.e.
t =
{
gcd (Qs, p) for double layer
gcd
(
Qs
2
, p
)
for single layer
(3.3.1)
and gd is alled the greatest ommon divisor. In the ase where t = 1 the winding has
no symmetry. Eah of the t basi windings will have Qb slots and pb pole pairs, therefore
Qb =
Qs
t
and pb =
p
t
(3.3.2)
The number pb is the redued pole pair. Another way of obtaining this number is by
means of the denominator of qc, i.e.
pb =
{
1
2
qcd qcd even
qcd qcd odd
(3.3.3)
whih is independent of t. Examining (3.3.1), it is reognised that t an be rewritten as
the gd between the number of oils and the pole pairs, i.e.
t = gcd(Qc, p)
{
Qc = Qs double layer
Qc =
1
2
Qs single layer
(3.3.4)
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whih is valid for both single and double layer windings. Although t is usually used as
a variable for time it is ommonly found in literature and will be used in the same way
throughout this hapter. Sine the winding design is independent of time, it does not
ause any onfusion.
It is favourable to use the terms in and out going oil sides
14
. Only the in going oil
side needs to be assigned
15
sine the out going oil side is given by the oil pith and type
of winding.
3.3.2 Winding symmetry
For a winding to be symmetrial the number of oils used in eah of the phases must be
equal. Therefore the quotient between Qc and m must be an integer. A requirement for
a winding to be symmetrial an be derived from (3.3.2). The symmetry ondition an
be expressed as
Qs
t
= mk, k ∈ N (3.3.5)
whih relates the pole number, number of stator slots and phase number to eah other.
A very useful funtion employed in the method is the modulo funtion whih nds the
remainder after division, i.e. mod(a, b) = a−oor(a
b
)16. When using the modulo funtion
it means that mod(Qs
t
, m) must equal zero. There are dierent ways of deriving the
onstraints for the winding symmetry ondition. Tab. 3.2 gives dierent variations found
in the literature to express the symmetry ondition.
Table 3.2: Constraints for winding symmetry
Referene Constraint
Wah (1997)
gcd(qcd, m) = 1
mod
(
Qc
qcn
qcd, m
)
= 0
Cros and Viarouge (2002) mod
(
Qs
gcd(Qs,2p)
, m
)
= 0
Bianhi et al. (2007) mod
(
Qs
t
, m
)
= 0
3.3.3 Redued number of pole pairs
The lowest harmoni generated by a winding is given by t = gcd (Qc, p) and the working
harmoni equals p. The redued pole number gives information on the subharmonis
whih are summarised as follows:
t = p the winding has no subharmonis
t < p the winding has subharmonis
(3.3.6)
14
This is similar to the urrent whih is dened as into and out of the page.
15
The use of oil sides are preferred above oils, sine it is then independent whether the oil sides
belong to the same oil or not.
16
The oor funtion of a real number x, oor(x), is a funtion whose value is the largest integer less
than or equal to x.
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The redued number of pole pairs an be alulated in two dierent ways. Two greatest
ommon divisors, i.e. gcd (Qc, 2mp) and gcd (Qc, p), are used to get qcd and pb respetively.
The relationship between these two fators is as follows:
gcd (Qc, p) =
gcd (Qc, 2mp)
r
where r =
{
m qcd even
2m qcd odd
(3.3.7)
3.4 Rotating mmf
Distributing the oils around the air gap periphery rstly requires the winding hara-
teristi as explained in setion 3.2.1 and seondly a onstraint assuring that the oils are
assigned uniquely to the stator slots. Deriving suh a onstraint is done by means of the
magnetomotive fore (mmf) produed by a winding.
In the theory of three-phase windings the rotating magneti eld is derived from a
single oil with Nt-turns. The mmf produed by the oil is then written as a Fourier
series whih allows it to be deomposed in the working harmoni, higher order har-
monis and sub-harmonis if appliable. A detailed mathematial derivation is given
by Heller and Hamata (1977). It is also possible to explain the deomposition by means
of visualisation as shown in Nürnberg (1952), Jordan et al. (1975) and Fitzgerald et al.
(1992). The visualisation method is preferred and is used in the next setions in order to
dene the mmf envelope funtions. This is neessary to answer the researh sub-question
whih is the mathematial expression that denes a phase belt.
3.4.1 The mmf of a single turn oil
Consider a single oil with Nt-turns arrying a urrent i plaed in the stator of a mahine
with a uniform air gap as shown in Fig. 3.2(a). Assuming an innite permeability in the
laminated parts, the mmf in the stator and rotor an be negleted. This means the mmf
aross the air gap will be equal to the total mmf.
PSfrag replaements
0 pi
3
2pi
3
π 4pi
3
5pi
3
2π
-1
+1 C2
C1
F
4
pi
Nti
2
∞∑
ν=1
1−(−1)ν
2
1
ν
cos(νθ)
θ
µ→∞
magneti
axis
p1
θ+
4
pi
Nti
2
cos θ
urrent sheet
Nti
C3
(a) (b)
δ
Figure 3.2: Spatial mmf distribution for a Nt-turn oil
24 CHAPTER 3. DESIGN AND ANALYSIS OF STATOR WINDINGS
The spatial mmf distribution around the air gap periphery is obtained by applying
Ampère's law to the ontours C1, C2 and C3. The results of the integration are given
in (3.4.1). The integral along C1 is zero sine the ontour does not enlose any soure.
Contrary to this the integrals along C2 and C3 equal Nti and −Nti respetively. The
urrent in oil side +1 is positive, and using the right hand rule, out of the page.
∮
~H · d~l =


0 C1 0 ≤ θ < pi2 ⇒ H(0) = H(θ1)
Nti C2
pi
2
≤ θ < 3pi
2
⇒ H(0)−H(θ2) = Ntiδ
−Nti C3 3pi2 ≤ θ < 5pi3 ⇒ H(0)−H(θ3) = Ntiδ
(3.4.1)
Sine the ux to and from the rotor are equal, the air gap mmf will have an amplitude
of
Nti
2
. Fig. 3.2(b) shows the spatial of the single oil. This is a square wave and from
the Fourier series the fundamental has an amplitude of
4
pi
. The fundamental mmf an be
seen as the result of a sinusoidally distributed urrent sheet on the stator inner diameter.
When the oil is supplied by a urrent
i = Iˆ cosωt (3.4.2)
any point on the mmf will have a vertial trajetory. For example, the point p1 will start
moving downward for t+ until it reahes a minimum from where it will start to move
upwards again. Applying a sinusoidal urrent to the oil results in a standing wave in the
air gap. The spatial mmf distribution has the form
F (θ, t) =
4
π
Nt
2
cos θ
(
Iˆ cosωt
)
(3.4.3)
and will have nodes at
pi
2
and
3pi
2
while the anti-nodes will be at 0 and π. Using a
trigonometrial identity
17
(3.4.3) an be rewritten as the superposition of two rotating
waves
F (θ, t) =
1
2
4
π
Nt
2
Iˆ cos(θ − ωt) + 1
2
4
π
Nt
2
Iˆ cos(θ + ωt)
= F+ + F−
(3.4.4)
The result in (3.4.4) means that a single oil produes two opposite rotating mmf waves
in the air gap. In the next setion this result is used to produe a single rotating mmf by
displaing dierent oils in spae.
3.4.2 The mmf of three single turn oils
Produing a single rotating mmf wave using three oils means that eah of the spatial mmf
distribution funtions must have a displaement for both the spatial and time omponent.
Using (3.4.4), the resultant mmf for three oils will have the following form, i.e.
FR(θ, t) = (F
+
1 + F
−
1 ) + (F
+
2 + F
−
2 ) + (F
+
3 + F
−
3 )
= (F+1 + F
+
2 + F
+
3 ) + (F
−
1 + F
−
2 + F
−
3 )
=
3∑
n=1
F+n +
3∑
n=1
F−n
(3.4.5)
17cosA cosB = 1
2
cos(A−B) + 1
2
cos(A+B)
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In general, hoosing an angle of
2pi
m
between two adjaent positive oil sides will ause the
negative waves to be aneled. Thus, the positive waves are added together; this results
in a single rotating wave. For m-phases the funtions dened by
Fn(θ, t) = Fˆn cos
[
θ +
2π(n− 1)
m
]
cos
[
ωt+
2π(n− 1)
m
]
, 1 ≤ n ≤ m (3.4.6)
will produe a rotating wave when supplied by three-phase urrents that is phase shifted
by
2pi
m
radians. Setting m = 1 in (3.4.6) will be the same as (3.4.3). The summation of
m funtions given in (3.4.6) simplies to a single rotating mmf in the air gap. Using the
trigonometri identity the resultant air gap mmf is
FR(θ, t) =
m∑
n=1
Fˆn cos
[
θ +
2π(n− 1)
m
]
cos
[
ωt+
2π(n− 1)
m
]
=
1
2
m∑
n=1
Fˆn cos(θ − ωt) + 1
2
m∑
n=1
Fˆn cos
[
θ + ωt+
4π(n− 1)
m
]
=
m
2
Fˆ1 cos(θ − ωt)
(3.4.7)
Therefore, the eet of displaing the positive oil sides of m-oils by 2pi
m
radians results
in a single rotating mmf wave in the air gap whih is
m
2
times that of the rst oil.
The preeding explanation of the rotating mmf wave is graphially shown in Fig. 3.3(a).
Therefore, starting with a single oil as in Fig. 3.2(a) means it is neessary to add two
more oils. Using the positive oil side of +1 as referene, the adjaent positive oil side
+2 is plaed at −2pi
3
radians lokwise from +1. Next, with +2 as referene the next
adjaent positive oil side is −2pi
3
radians lokwise from +2. The returning oil sides of
both oils is displaed at +π eletrial radians in spae. Sine the resultant mmf wave is
rotating in a positive diretion the sequene
18
will be
{+1, −2, +3, −1, +2, −3} (3.4.8)
Fig. 3.3(b) shows graphially the mmf's of the three oils with Nt-turns. These are
obtained by setting m = 3 and applying the following three-phase urrents
i1 = Iˆ cos (ωt)
i2 = Iˆ cos
(
ωt+
2π
3
)
i3 = Iˆ cos
(
ωt+
4π
3
) (3.4.9)
to the funtions in (3.4.6). The resultant mmf will rotate in a ounterlokwise diretion.
At t = 0 i2 = i3 = −12 i1, meaning the mmf of F2 and F3 will be half of F1. As time
starts to inrease, any point on F1 will move downward while points on F2 and F3 will
start moving in an upward diretion. The points are marked p1 through p3 in the gure.
Contrary to this, any point on the resultant mmf will start moving in the right diretion
(ounter-lokwise) as indiated by point p4. As time inreases the resultant mmf rotates
as shown in Fig. 3.4. The fundamental mmf is shown at time equal to zero and a time
instant t = t1.
18
The diretion of plaing the positive oil sides and the returning oil sides is arbitrary. When the
onvention as explained is used, it simplies the ode whih automatially does the oil assignment.
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3.4.3 Denition of the mmf envelope funtions
As time ontinues, any point on the standing wave will have a minimum and maximum
value between whih it osillates. If p2 is used as an example, it will be bounded as shown
in Fig. 3.3(b), thus forming an envelope. Similarly, the remaining phases will eah form
envelope funtions. The bounding funtions for all the phases are given by
fn(θ) = Fˆn cos
[
θ +
2π
m
(n− 1)
]
, 1 ≤ n ≤ m (3.4.10)
and the mmf of any of the phases will be bounded, i.e.
− |fn(θ)| ≤ Fn(θ, t) ≤ |fn(θ)| (3.4.11)
3.4.4 Phase belt denition
The mmf envelope funtions in setion 3.4.3 allow the denition of the phase belt in a
unique way, whih make it possible to alloate the stator slots that belong to a phase
before the oil sides are assigned.
Denition 3.4.1 In general, the interval 〈θ1, θ2〉 for whih any of the m bounding fun-
tions in (3.4.10) is greater than the remaining (m − 1) funtions is dened as a phase
belt, i.e.
|fi(θ)| > |fn(θ)| ,
{
1 ≤ n ≤ m
n 6= i (3.4.12)
and the interval 〈θ1, θ2〉 spans 2pi2m radians.
A useful parameter to dene is the total number of phase belts around the air gap pe-
riphery, i.e.
Np =
2πp(
2pi
2m
) = p · 2m (3.4.13)
and means that the phase belt sequene (for three phases) given in (3.4.8) repeat itself p
times around the air gap periphery.
3.4.5 Higher order harmonis
A similar proedure as for the working harmoni an be used to derive the diretion of
rotation for the higher order harmonis. The deomposition of the air gap mmf means
that the resultant mmf is the sum of an innite number of rotating waves. The general
expression for harmoni order (for three phases and six phase belts) of the air gap mmf
harmonis is
ν = 1 + 6g g = 0,∓1,∓2, . . . (3.4.14)
and the speed of rotation is given by
ων =
ω
ν
(3.4.15)
A positive value of ν means that the harmoni is rotating ounter-lokwise and a negative
ν means it rotates lokwise. This onvention is valid for the oil arrangement as given in
Fig. 3.3(a) and the urrents in (3.4.9). The rotation speed is proportional to the inverse
of the harmoni order.
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3.5 Matrix representation of a winding
In this setion it will be shown that the winding layouts an be represented by means
of two matries. The rst matrix will ontain information on the ingoing oil sides of
the oils while the seond matrix will be that of the outgoing oil sides. The matries
are referred to as M1 and M2 for the ingoing and outgoing oil sides respetively. Both
matries have n olumns and m rows. In addition, the number of olumns equals the
number of stator slots and the rows are equal to the number of phases, thus m = m19 and
n = Qs. The matries an be expressed as
M1 =


m11 m12 . . . m1n
m21 m22 . . . m2n
.
.
.
.
.
.
.
.
.
.
.
.
mm1 mm2 . . . mmn

 M2 =


m11 m12 . . . m1n
m21 m22 . . . m2n
.
.
.
.
.
.
.
.
.
.
.
.
mm1 mm2 . . . mmn

 (3.5.1)
where
mij ∈ {−1, 0, 1} (3.5.2)
and depends on the winding layout. In the rest of this setion an algebrai method is
derived to determine the matrix elements. The variables n1 and n2 are integers and will be
used as loop variables later on in this hapter where the algorithm owhart is explained.
The subsripts 1 and 2 refer to the outer and inner loop respetively.
3.5.1 Slot vetor
For assigning the Qs slots to phase belts, the peripheral slot angle α needs to be dened
in terms of the slot pith τs. If the slots have a regular distribution the angle between
any two adjaent slots equals τs. In the ase of irregular distributed slots the average slot
pith will equal τs. A regular and irregular distribution are shown in Fig. 3.5. A vetor
is assigned to the entre of eah stator slot. The exponential representation
20
of a vetor
is used, i.e.
ejνα = cos(να) + j cos(να) (3.5.3)
The variables ν and α are the harmoni order and slot peripheral angle respetively. All
the vetors as shown in Fig. 3.5 are represented as a olumn matrix vν . The number of
rows is equal to the number of slots, i.e.
vν =
[
ejνα1 ejναn2 . . . ejναQs
]T
1 ≤ n2 ≤ Qs (3.5.4)
where
αn2 =
{
τs (n2 − 1) n2 odd
αn2−1 + xτs 0 < x < 2 n2 even
1 ≤ n2 ≤ Qs (3.5.5)
where the α aounts for both regular and irregular distributed stator slots. Setting ν = p
means that the eletrial slot angles
21
for the working harmoni are obtained.
19
It is typial in mathematis that the number of rows is represented by m. Equally the number of
phases of an eletrial mahine is also represented by m. Furthermore, m11 is a matrix element while m
is the number of phases.
20
Also known as Euler's formula.
21
The eletrial and mehanial slot have the following relationship: θe = pθm
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3.5.2 Phase belt onstraint
The phase belt onstraint is used to determine the matrix elements mij in (3.5.1). From
the slot angle α in (3.5.4) the orresponding eletrial angle θe is obtained. A stator slot
is assigned to the phase belt if the following onstraint is true:
θ1 ≤ θe < θ2


θ1 =
2pi
2m
(n1 − 1)
θ2 =
2pi
2m
n1
1 ≤ n1 ≤ Np

 phase belt boundaries
θe = pαn2
1 ≤ n2 ≤ Qs
}
eletrial slot angle
(3.5.6)
The phase belt onstraint as given in (3.5.6) is haraterised by the phase belt boundaries
and the eletrial slot angle, whih are summerised as follows:
Phase belt boundaries: The total number of phase belts around the air gap periphery
is given by (3.4.13). Eah of the phase belts is bounded the by the angles θ1 and θ2.
Eletrial slot angle: The eletrial slot angle is obtained by multiplying the peripheral
slot angle in (3.5.5) by the pole pair number. If the eletrial angle for a given slot
lies within the phase belt boundaries, it belongs to that phase belt.
In order to assign the slot to a phase, it is neessary to know to whih phase a given phase
belt belongs. The phase an be determined in terms of the given phase belt number n1
and the number of phases, i.e.
k = mod(n1, 2m)
{
1 ≤ n1 ≤ Np
2m if mod(n1, 2m) = 0
1 ≤ k ≤ 2m (3.5.7)
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The value of k as alulated in (3.5.7) orresponds to the phase belt number. Therefore,
if the number of a given phase belt is known, the orresponding phase and its sign are
alulated as follows:
phase =
{
k k ≤ m
k −m k > m
sign = (−1)(k−1)
(3.5.8)
If m = 3 and p = 1 the number of phase belts equals 6. Applying (3.5.7) and (3.5.8) will
result in the phase belt sequene as given in (3.4.8).
3.5.3 Algorithm owhart
The explanation of the algorithm is aompanied by the owhart in Fig. 3.6 and greatly
simplies the understanding. For onveniene the relevant equations or tables are inluded
whih makes it easier to follow the desription. The algorithm only applies to symmetrial
windings and the three major parts are summerised as follows:
Outer loop: The outer loop of the owhart is used for the total number of phase belts
as given in (3.4.13). The loop index n1 (in the range 1 ≤ n1 ≤ Np) is used to
alulate the given phase belt boundaries θ1 and θ2 as given in (3.5.6). Sine the
2m phase belts repeat themselves along the air gap periphery, the atual phase belt
number k in the phase belt sequene an be determined from n1 as given in (3.5.7)
and (3.5.8).
Inner loop: The inner loop has n2 as index and is used to alulate the eletrial angle
for a given slot. If a slot is already assigned to a phase belt, the winding matrix will
have an entry in the set {−1, 1}. In this ase the loop is skipped.
Phase belt onstraint: This is the key step to alloate a stator slot. If the eletrial
angle lies within the phase belt boundaries, it belongs to the given phase belt. The
row and olumn number for the ingoing matrix M1 are determined from the inner
loop index n2 and the given phase belt number. The row number for M2 is the
same as for M1 and the olumn number is obtained from the oil pith yd.
The assignment of the stator slots as oered in this dissertation is unique and not presented
in this way by any of the referenes onsulted.
3.5.4 Matrix element assignment
One the phase belt onstraint is fullled, the slot is alloated and the next step is to
assign one of the values in the set given in (3.5.2). Atually only the sign needs to
be determined. Sine the phase belt sequene is alternating, the sign an be obtained
from the phase belt itself. Following the owhart through to the point where the test
is performed, it is notied that the matrix olumn number for M1 is given by the loop
index variable n2. The entry has the value (−1)(k−1), where k is given in (3.5.7). The
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Figure 3.6: Flowhart to alloate the stator slots
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determination of the row, olumn and matrix element are summerised as follows
22
:
i =
{
k k ≤ m
k −m k > m
}
row number
h = (−1)(k−1) matrix element sign
j =
{
n2 + yd n2 + yd ≤ Qs
mod
(
(n2 + yd), Qs
)
n2 + yd > Qs
}
olumn number
(3.5.9)
3.6 Properties of the winding matrix
Presenting the winding in matrix form is very ompat and has advantages in mahine
analysis. The matrix ontains all the information of the winding arrangement in the stator
slots. This allows the onstrution of the voltage phasor whih is neessary to alulate
the winding fator. In addition, the slot mmf an be obtained from the olumn data. The
properties of the matrix are summerised as follows:
 if the winding is symmetrial, the number of assigned elements in all the rows are
equal;
 the number of olumns is equal to the number of stator slots;
 the number of rows is equal to the number of phases;
 for a single layer winding there is only one nonzero element in a olumn;
 a double layer winding has two nonzero elements in a row; and
 the matrix is valid for both a xed and variable slot pith.
In the rest of this setion the winding matrix is used to alulate the winding fator and
the slot mmf.
3.6.1 Winding fator
With M1 and M2 assigned, the winding fator for any harmoni an be alulated as the
produt between the matries and the slot vetor as given in (3.5.4). This means that a
row of the winding matrix is multiplied by the slot vetor olumn matrix. The matrix
produt means that all the vetors belonging to the same phase are added and for the
ase ν = p equals
(m1,i1 +m2,i1)e
jpα1 + (m1,i2 +m2,i2)e
jpα2 + . . .+ (m1,iQs +m2,iQs)e
jpαQs
(3.6.1)
If the slot vetor does not belong to the urrent phase, the oeient
(m1,ij +m2,ij) (3.6.2)
is zero. Furthermore, the produt should be normalised. Sine the total number of vetors
is related to the oils per phase it should be multiplied by
(
2Qc
3
)−1
, i.e.
ξν =
3
2Qc
[
M1vν +M2vν
]
, ∈ C (3.6.3)
22
The method was only tested for m = 3, 5, 7, . . .
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The result (3.6.3) present the winding fator as a omplex number and the absolute value
is to be used as a redution fator for the sinusoidally indued voltage in (3.0.1). Writing
ξν as
ξν = aν + jbν (3.6.4)
the phase angle is alulated as
θν = arctan
(
bν
aν
)
(3.6.5)
The phase angle (in eletrial radians) gives information on the position of the winding
axes
23
relative to the rst slot. The two winding axes assoiated with eah phase are
alled
 the urrent sheet anti-node axis and
 the magneti axis
of the winding. A positive phase angle means that both winding axes have moved lok-
wise with respet to the rst slot. The winding axes are a very import quantities in
mahine design. When the mahine is supplied with a soure, a rotating magneti ux
wave is generated. This reats with the ux generated by the ux of the permanent mag-
nets on the rotor. In order to ontrol the resultant ux, it is neessary to know the exat
position of the winding axes.
3.6.2 Current sheet anti-node axis
Equation (3.4.3) desribes the spae fundamental omponent of the mmf produed by
the urrent in phase 1. It an be seen as the mmf wave produed by a nely divided
sinusoidally distributed urrent sheet plaed on the inner periphery of the stator. The
position of the anti-node with maximum deviation is given by θan. The relative position
of θan with respet to the rst slot is given by
θanν = −
θν
p
(3.6.6)
3.6.3 Magneti axis
The axis along whih the ux is direted when urrent is owing in the oil, is dened
as the magneti axis. This is the same position where the urrent sheet has a node. The
relative position of the magneti axis θm with respet to the rst slot is given by
θmν = −
(
θν +
pi
2
)
p
(3.6.7)
The winding magneti axis lags the urrent sheet anti-node axis by
pi
2
radians.
23
The winding axes in the present dissertation refer to the urrent anti-node axis and the magneti
axis. This is shown in Fig. 3.11.
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3.6.4 Slot mmf
The ampère-turns in eah slot an be obtained from the matrix winding olumns. Both
the matries M1 and M2 ontain the oil side information for the ingoing and outgoing
oil sides respetively. The total ampère-turns of a oil side is the produt of its value
in the winding matrix with the number of oil turns Nt. The diretion of the urrent is
given by the sign of the element. Therefore to get the total ampère-turns in the slot, the
ampère-turns of the oil sides must be added. For a three-phase winding the slot mmf
Fslot of the k
th
slot is alulated as
Fslot,k = Nti1(m1,1k +m2,1k) +Nti2(m1,2k +m2,2k) +Nti3(m1,3k +m2,3k)
= Nt
3∑
n=1
in (m1,nk +m2,nk)
(3.6.8)
3.7 Examples
The derived theory presented in this hapter is now illustrated by means of examples.
The examples are summerised as follows:
Winding fator tables: The winding fators for dierent slot and pole pair ombina-
tions are alulated for single and double layer non-overlapping windings. The
results presented are used to derive an expression to nd the feasible range for the
number of pole pairs, given the number of stator slots.
Slot mmf and urrent sheet: The prototype stator with 30 slots is used as an exam-
ple. By hoosing dierent pole pair numbers, it is shown how to obtain both a single
and double layer winding. In eah ase a non-overlapping and overlapping winding
are explained.
3.7.1 Winding fator table
The results are given in Tab. 3.3 Tab. 3.4 for single and double layer non-overlapping
windings respetively. Only those slot and pole ombinations for whih the winding
fator is greater than or equal to
√
3
2
are given. Those ombinations that do not fulll
the ondition in (3.3.5) are marked as not appliable. Presenting the winding fators in
a table is helpful to identify the relationship between the number of stator slots and the
number of poles whih results in the best ombinations. Only the winding fators for the
working harmoni are presented.
The winding fators for single windings are alulated for pole pairs in the range from
4 to 28, whereas the number of stator slots range from 12 to 84. Although the fous in
the present dissertation is on single layer non-overlapping windings, the winding fators
for double layer windings are given as well. The winding fators are alulated for pole
pairs in the range from 4 to 16, whereas the number of stator slots ranges from 12 to 48.
From the results in Tab. 3.3 and Tab. 3.4 the number of slots per pole and phase whih
results in a winding with suitable winding fators is given by
1
4
≤ q ≤ 1
2
(3.7.1)
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Table 3.3: ξp × 10−3 for single layer non-overlapping windings
Qs
p 12 18 24 30 36 42 48 54 60 66 72 78 84
4 866
5 966
6 na 866
7 966 902
8 866 945 866
9 na na
10 945 966 866
11 902 958 874
12 866 na na 866
13 958 940 870
14 966 950 na 866
15 na na 966 na
16 866 950 na na 866
17 940 956 na 859
18 na na na na 866
19 866 956 na 907 na
20 866 na na 966 na 866
21 966 na na na na
22 na na 958 na 954 866
23 870 na 956 na 893 na
24 866 na na na na na 866
25 na 956 na 966 na 848
26 na 958 na na na 870 866
27 na na na na na na na
28 866 966 na na na na na 866
Table 3.4: ξp × 10−3 for double layer non-overlapping windings
Qs
p 12 15 18 21 24 27 30 33 36 39 42 45 48
4 866
5 930 866
6 na na 866
7 930 950 900 866
8 866 950 950 890 866
9 na na na na 866
10 866 950 950 930 880 866
11 900 950 950 920 870 866
12 866 na na 950 na na 866
13 890 950 950 940 900 870 866
14 866 930 950 950 930 900 860 866
15 na 950 na na 930 na na 866
16 866 920 950 950 950 920 890 860 866
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The result is the same as presented by Cros and Viarouge (2002) and Skaar et al. (2006).
Using this result, the range of pole pairs for a given number of slots an be expressed as
follows:
Qs
m
≤ p ≤ 2Qs
m


Qs ∈ {6, 12, 18, . . .} single layer
Qs ∈ {3, 6, 9, . . .} double layer
(3.7.2)
3.7.2 Slot mmf and urrent sheet
This setion entails examples of overlapping and non-overlapping windings with 30 stator
slots. The lassiation parameters q, qc and yd (as given in Tab. 3.5) are used to lassify
the windings aording to the sheme in Fig. 3.1. Additionally, for the seleted number of
pole pairs the winding fator, slot mmf and urrent sheet are alulated. It is important
to mention that the hoie of the position of the referene slot will determine the rotation
diretion of the resulting rotating eld. It is desirable to have a eld rotating in a ounter-
lokwise diretion, sine this is the positive diretion in a polar oordinate system. To
ahieve this, the stator is rolled at with the top part of the slots faing upwards.
Table 3.5: Dierent pole pair ombinations with Qs = 30
Qs p Qc nl yp yd q qc Qb t ξp ξ5p ξ7p Figure
30 10 15 1
3
2
1
1
2
1
4
6 5 0.866 0.866 0.866 3.7(b)
30 10 30 2
3
2
1
1
2
1
2
3 10 0.866 0.866 0.866 3.8(b)
30 5 15 1 3 3 1
1
2
6 5 1.0 1.0 1.0 3.9(b)
30 5 30 2 3 3 1 1 6 5 1.0 1.0 1.0 3.10(b)
3.7.2.1 Single layer non-overlapping
Fig. 3.7(a) shows an illustration of a single layer non-overlapping winding. There is only
one oil side in eah stator slot and the slot pith ould be either regular or irregular.
An irregular slot pith means that the oil pith an be varied to improve the winding
fator. Depending on the design riteria, it an also be used to improve the torque ripple.
Sine the outgoing oils are given by the oil pith yd, only every seond slot needs to be
assigned to a phase belt.
The example hosen is that of the prototype mahine with 30 slots and 10 pole pairs.
From Tab. 3.5 the values for q and qc are
1
2
and
1
4
respetively. The basi winding is
determined using qc and has one oil per phase distributed over 4 poles. In total the basi
winding has 6 slots. The winding has a sub-harmoni with 5 pole pairs. Sine it is a
single layer winding the number of oils is half the number of stator slots. The oil pith
equals one and this is a frational slot winding. For onveniene only the basi winding
matrix elements for M1 and M2 are given as
M1,b =

1 0 0 0 0 00 0 1 0 0 0
0 0 0 0 1 0

 M2,b =

0 −1 0 0 0 00 0 0 −1 0 0
0 0 0 0 0 −1


(3.7.3)
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To obtain the omplete winding matrix, the matrix of the basi winding is repeated ve
times. For the ingoing oil side matrix this means
M1 =
[
M1,b M1,b M1,b M1,b M1,b
]
(3.7.4)
The winding matrix is used to obtain the slot mmf Fslot from (3.6.8) as shown in the
lower part of Fig. 3.7(b). The dashed line in the mmf plot is the urrent sheet. In the
top part of the gure the winding fators are shown as well. From the gure it is lear
that the winding fators are periodi with the number of stator slots. In the example the
peripheral slot angle was alulated setting x = 1 in (3.5.5). Therefore, this is a regular
distribution of the stator slots.
3.7.2.2 Double layer non-overlapping
Fig. 3.8(a) shows a non-overlapping double layer winding. Eah stator slot has two oil
sides. Moreover, eah slot needs to be assigned to a phase belt.
The prototype stator with 30 slots is used with 10 pole pairs. This is a double layer
winding and the number of slots is equal to the number of oils. Both q and qc and the
basi winding has 3 slots. The lowest harmoni has 10 pole pairs whih is the same as the
working harmoni. Therefore, the winding has no sub-harmonis. The matrix elements
of the basi winding are
M1,b =

1 0 00 0 1
0 1 0

 M2,b =

 0 −1 0−1 0 0
0 0 −1


(3.7.5)
The winding fators and slot mmf are diretly obtained from the winding matrix as shown
in Fig. 3.8(b). The urrent sheet that orresponds to the working harmoni is inluded.
3.7.2.3 Single layer overlapping
A general single layer overlapping winding is shown in Fig. 3.9(a). In this example the
oil pith equals 5. The ingoing oil side of the rst oil is in slot 1 and the outgoing oil
side in slot 6. It is lear from the gure that the oils overlap.
The example to illustrate the slot mmf and urrent sheet has 30 slots and a pole pair
number equal to 5. In Tab. 3.5 the average pole pith equals the pole pith. Therefore
this is alled a onentrated winding as determined from Fig. 3.1. The basi winding
matrix elements are given as
M1,b =

1 0 0 −1 0 00 −1 0 0 1 0
0 0 1 0 0 −1

 M2,b =

1 0 0 −1 0 00 −1 0 0 1 0
0 0 1 0 0 −1


(3.7.6)
The alulated winding fator along with the slot mmf and urrent sheet are shown in
Fig. 3.9(b). It is important to mention that the oil sides are distributed in suh a way as
to obtain a sinusoidal slot mmf distribution. The number of slots per pole and phase an
be inreased to obtain a better sinusoidal distribution. In doing so, the harmoni ontent
will beome less.
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Figure 3.7: Non-overlapping single layer winding
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Figure 3.8: Non-overlapping double layer winding
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Figure 3.9: Single layer overlapping winding
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3.7.2.4 Double layer overlapping
A double layer overlapping winding is ommonly used in industrial mahines. Overlapping
double layer windings have a oil pith greater than one, i.e. yd > 1. Fig. 3.10a shows
a double layer winding. Starting at the rst slot, the oils are inserted in a ounter-
lokwise diretion. The rst oil has its ingoing oil side in the bottom part of slot 1
and the return oil side is in the top part of slot 6. The phase belt onstraint in (3.5.6) is
used to determine the phase of the oil side in the bottom part of the slot while the top
oil sides are given by the oil pith yd.
Fig. 3.10b shows the slot mmf of a stator with Qs = 30 slots and p = 5 pole pairs.
Using the winding properties for this ombination given in Tab. 3.5, it is a onentrated
winding. The winding has no sub-harmonis.
3.8 Determination of the winding axes
The winding axes are determined for the prototype with 30 slots and 10 pole pairs. Sine
the winding fator is a omplex number, the winding fator of the working harmoni is
alulated using (3.6.3), i.e.
ξ10 = 0.7500 + j0.4330


a10 = 0.7500
b10 = 0.4330
|ξ10| = 0.866
arctan
(
b10
a10
)
= 0.5236
(3.8.1)
Fig. 3.11 graphially shows the urrent sheet anti-node and magneti axes. The axes were
alulated using a stator slot with regular distributed stator slots. The alulated angles
are given in terms of the rst slot.
3.9 Summary
In this hapter an algorithm was derived to present a winding in a matrix form. This
ompat form allows the alulation of the winding fators for all harmonis. The basis of
the algorithm is the phase belt sequene and the phase belt onstraint whih are derived
from the air gap mmf envelope funtions. The hapter was onluded with examples
whih showed how the winding matrix an be used to alulate the slot mmf and the
winding axes. This answers the researh sub-questions.
In the next hapter the properties of the materials used in the nite element method
are given. This is neessary to orretly model the material data supplied by the man-
ufaturer. In addition, the basi equations are explained to alulate the mahine's ux
linkages and indutanes.
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Chapter 4
Nonlinear magneti iruit analysis
Due to the nonlinear material behaviour a nonlinear magneti iruit analysis needs to
be arried out in order to determine the mahine performane. The nonlinear material
properties and the solutions to the nonlinear mahine behaviour are the main themes of
this hapter. Additionally, the hapter onludes with pratial guidelines for a harmoni
analysis.
4.1 Introdutory remarks
One aspet in the main researh question is the auray of the alulated mahine perfor-
mane. For high auray it is neessary to perform a nonlinear magneti iruit analysis.
Sine the nonlinear mahine behaviour arises from the materials, it is appropriate to have
a detailed knowledge of the material data.
The mahine performane is alulated using the nite element method. In most
doumentation the terms nite element method and nite element analysis seem to be
used interhangeably. There is, however, a small dierene between the terms:
The nite element method is a numerial tehnique for nding approximate solutions
to ordinary and ellipti partial dierential equations via a pieewise polynomial
interpolation sheme. There are essentially three mathematial ways that FEM an
evaluate the values at the nodes: the non-variational method (Ritz), the residual
method (Galerkin), and the variational method (Rayleigh-Ritz).
Finite element analysis is an implementation of FEM to solve a ertain type of prob-
lem. In the ase of eletrial mahines the most ommon solution type is a 2D
magnetostati problem. Typially the residual method is used to obtain the FEM
mathematial solution and a suitable element type is needed for the analysis. The
software used in the present dissertation makes use of rst order triangular elements.
The mahine's performane alulations in the analysis of interior permanent magnet
mahines with non-overlapping onentrated windings are based mainly on the funda-
mental quantities. In order to get the fundamental quantities, and espeially in the ase
of a spatial harmoni analysis, the disrete Fourier transform is used.
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4.2 Material properties
In the ontext of eletrial mahines the importane of magneti materials is twofold.
Through their use it is possible to obtain large ux densities with relatively low levels
of magnetisation. In addition, and espeially in mahines, the laminated steel is used
to onstrain and diret magneti elds in well dened paths. The magneti materials
are used to shape the elds to maximise the desired torque produing harateristis.
Therefore a knowledgeable design engineer an make use of the material properties to
ahieve spei desirable results.
4.2.1 Laminated steel
Obtaining meaningful loss results in mahine design requires aurate representation of
the material properties. The saturation level in mahines is often beyond the measured
data supplied by the manufatures. This means that it is neessary to extrapolate the
data. Typially the supplied magneti polarisation J is in the range from 1.5T to 1.8T,
whereas the ux density B in the teeth ould be up to 2.1T. In order to alulate ux
densities above 2T the following steps need to be taken:
 the magneti polarisation needs to be extrapolated to its saturation value Js; and
 the magneti polarisation needs to be onverted to the ux density.
The manner in whih these two steps are exeuted will inuene the method or way to
determine the so-alled orretion fators for the iron loss. It is important to mention
that the iron loss alulations are strongly inuened by the manufaturing proess. One
the laminations are punhed or lasered the material properties hange and lead to higher
losses.
4.2.1.1 Epstein frame measurements
An Epstein frame is a standardised measurement devie for measuring the magneti prop-
erties of soft magneti materials and espeially that of the laminations used in eletri-
al mahines. The main properties measured are the polarisation and the spei loss.
Fig. 4.1(a) shows the measurement setup used to measure the polarisation and spei
loss for M470P65A lamination steel. The test sample is prepared as a set onsisting of
a number of strips. The speimen is then arranged in the Epstein frame as shown in
Fig. 4.1(b).
The relationship between J and H for laminated steel is both nonlinear and multi-
valued. In general, the harateristis of the material annot be desribed analytially.
They are ommonly presented in graphial form or a set of data points. Fig. 4.2(a) shows
a graphial presentation of the measured polarisation for M470P65A laminated steel for
frequenies in the range 50Hz to 120Hz. From the measured results the frequeny de-
pendeny of lamination steel omes to the fore.
The seond measurement that the Epstein frame is used for is the spei loss. For the
spei loss measurement the strips need to be weighed using an aurate sale. Measured
results for the spei loss in the range from 50Hz to 120Hz are shown in Fig. 4.2(b).
The spei loss has a dependeny on both the frequeny and polarisation. The two-
dimensional presentation of the data is not typial, but emphasises the nonlinear and
multivalued properties.
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Figure 4.1: Measurement setup to measure J(H) for laminated steel
4.2.1.2 Extrapolation of the B(H) Curve
Manufaturers of laminated steel usually provide J(H) data but this data may be dened
only partly through to the knee point of the urve. For aurate FEA results the J(H)
urve needs to be dened well into the saturation region. Above the knee the slope
dJ
dH
approahes zero when J is plotted against H as H inreases indenitely. The urve
onforms more or less to the Fröhlih-Kennelly relation as explained in the book by
Bozorth (1993), i.e.
1
µ
= a + bH (µ = µ0µr) (4.2.1)
and the saturation polarisation is then alulated as
Js =
1
a
(4.2.2)
In pratial engineering problems it is preferred to use B instead of J . The ux density
and magneti polarisation have the following relationship:
B = µ0H + J (4.2.3)
Equation (4.2.3) adapt the so-alled Kennelly onvention given in Bertotti (1988). Here
the magneti polarisationM is used in its alternative form. In the SI system of units the
magneti quantities are related as follows:
B = µ0 (H +M) (4.2.4)
Using (4.2.1) and (4.2.3) the B(H) urve an be dened well into the saturation. The
material oeients for M470P65A laminated steel supplied by the manufaturer together
with the extrapolation and onversion for M470P65A are shown graphially in Fig. 4.3.
The saturation polarisation Js = 2.064 and the oeients a and b equal 0.484 and 779.3
respetively.
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Figure 4.3: The extrapolation of the B(H) for M470P65A lamination steel
If the Js is not supplied it ould be alulated using (4.2.1). In order to do so the last
two measured points from supplier J(H) urve are used. If J1 < J2, the oeients a and
b an then be obtained by solving two simultaneous equations, i.e.
1
µ
= a+ bH1
1
µ
= a+ bH2

 µ =
J2 − J1
H2 −H1 (4.2.5)
4.2.1.3 Three-term ore loss model
The iron losses are linked with the magnetisation proess and onsists of three parts.
The so-alled separation of losses implies that the average power loss per unit volume
of any material is deomposed into the sum of hysteresis and a dynami ontribution.
For several alloys and sinusoidal exitation, with a given frequeny and magnetisation,
Bertotti (1988) showed that the spei loss is expressed as the sum of the hysteresis Ph,
lassial eddy urrent Pc and exess loss Pe, i.e.
pFe = Ph + Pc + Pe
= khfJ
2 + kc (fJ)
2 + ke (fJ)
1.5 (4.2.6)
The spei loss is a funtion of two variables and it is required to nd the unknown
oeients in (4.2.6). The oeients an be extrated over a family of ore loss urves at
various frequenies. With the oeients kh, kc, and ke the total ore loss per unit volume
pFe an be alulated in terms of the peak magneti polarisation J and the frequeny.
The spei loss pFe as given in (4.2.6) is a multivariate model with two independent
variables. In pratial mahine design, the unknown oeients are determined for a
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given polarisation. Therefore the spei loss beomes a funtion of frequeny and the
measured data are used to form a set of n simultaneous equations, i.e.
pi = fiJ
2 + (fiJ)
2 + (fiJ)
1.5
{
1 ≤ i ≤ n
n ≥ 3 (4.2.7)
In order to solve the set of simultaneous equations, it is neessary to onstrut the regres-
sion matrix X as follows:

p1
p2
.
.
.
pn

 =


f1J
2 (f1J)
2 (f1J)
1.5
f2J
2 (f2J)
2 (f2J)
1.5
.
.
.
fnJ
2 (fnJ)
2 (fnJ)
1.5



 khkc
ke


p = Xk
(4.2.8)
The unknown oeients are solved by performing a least squares t to the regression
equation in (4.2.6). This method is the easiest and does not take into aount any on-
straints.
Bertotti (1988) explains in his paper that kc is a xed value and an be expressed as
kc =
π2σd2
6
(4.2.9)
where σ is the ondutivity and d the lamination thikness. If kc is a onstant it means
that only kh and ke need to be determined. Using the model in (4.2.6) often results in
negative values for ke. A negative value for ke has no physial sense.
Another way to show this inonsisteny is to alulate the oeients without any
onstraint on kc. A regression matrix is formed for eah of the polarisation values given
in Tab. 4.1. The alulated oeients for the dierent polarisation values are given in
the orresponding olumns. To validate the model, the maximum of the absolute value
of the deviation of the data from the model emax is given. In eah ase this is suiently
small to be ondent that the model reasonably ts the data. As the polarisation is
Table 4.1: Multiple regression results for M470P65A lamination steel
J/T 0.25 1.55 1.60 1.65 1.70 1.75 1.80
kh 0.0712 0.0019 0.0017 0.0016 0.0015 0.0015 0.0013
kc 0.0004 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000
ke 0.0053 0.0003 0.0003 0.0003 0.0003 0.0003 0.0003
emax/W·kg−1 0.0014 0.0010 0.0009 0.0008 0.0008 0.0009 0.0009
inreased, the oeient kc beomes zero. This inonstany means that the material
harateristis annot be uniquely desribed analytially. Neushl (2007) ame to the
onlusion that, independent of the analytial method used, there is always a dierene
between the measured and alulated iron loss. Chen and Pillay (2002) explained in their
paper that there is a big disrepany between the alulation based on Bertotti (1988) and
experimental results if the polarisation is over 1T or if the eld frequeny beomes high.
To overome this disrepany they have proposed a new modied formula to represent
the oeient hanges.
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4.2.1.4 Two-term ore loss model
Even though Bertotti (1988) presented a three-term model, the two-term model is still
ommon amongst mahine designers. Pratially this means that the oeient ke is set
equal to zero. This simplies the loss alulation without loss in auray. Fig. 4.4(a)
shows the quadrati nature of the spei loss. In order to determine the oeients,
P
f
needs to be plotted as a funtion frequeny. This is alled the loss per yle and shown
in Fig. 4.4(b). The result is an almost linear funtion with the form kh + kcf .
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Figure 4.4: Determination of oe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As an example the oeients are alulated for M470P65A lamination steel. The
spei loss at dierent frequenies at 1T are given in Tab. 4.2. The oeients kh and
kc are then determined as 2.9609× 10−2 and 2.0758× 10−4 respetively.
Table 4.2: Spei loss for M470P65A at 1T
f/Hz 50 60 100 200 400 700
pFe/W·kg−1 1.85 2.38 5.05 15.0 47.0 120.0
4.2.1.5 Aounting for the staking fator in 2D FEA
Sine the laminated steel has a thin insulated oat it means that a small perentage of the
total stak length does not omprise laminated steel. Typially the eetive iron length is
approximately 97% to 98% of the stak. This means that the radial ux sees a parallell
path existing of iron and air and should be aounted for in the analysis.
To aount for the staking fator the B(H) urve needs to be modied by lowering
the value of the ux density by the staking fator kFe, i.e.
Beq = kFeBorig + (1− kFe)µ0H (4.2.10)
where Beq is the equivalent ux density and Borig the original ux density obtained from
the extrapolation as explained in setion 4.2.1.2. When performing 2D FEA simulations
it is required to use both the atual depth of the mahine and the magneti eetive
length. The atual length is neessary for the alulation of the stator resistane while
the magneti eetive length is required for the eletromagneti performane.
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Figure 4.5: Permanent magnet material properties
4.2.2 Permanent magnets
A permanent magnet owes its magnetism to the intrinsi magneti dipole moment of
the eletrons and is haraterised by the hysteresis loop as shown in Fig. 4.5(a). The
same relationship as for laminated steel as given in (4.2.3) holds for permanent magnets.
If the magneti dipole moments are parallel to the applied eld, magneti polarisation
has reahed saturation, Js. However, the magneti indution B inreases further with
the slope µ0. The minimum eld strength that must be applied to the magnet to reah
saturation is alled the saturation eld strength Hs. After magnetisation, i.e. when the
applied eld is removed, the magnet has a remanent magnetisation of Br. This residual
ux density is the main harateristi of a permanent magnet. It means that in the
absene of an external exitation a magneti ux is present.
An immediate property that goes along with Br is the oerivity Hc. The latter an
be thought of as a measure of the amount of mmf required to demagnetise the material.
It is neessary to distinguish between HcB and HcJ . The intersetion of the J(H) with
the magneti eld strength axis is HcJ , whereas HcB is the intersetion of the B(H) urve.
The software used in the present dissertation makes use of the B(H) urve. As an example
the properties of the type VAC677AP from Vauumshmelze (2006) are given in Tab. 4.3.
Table 4.3: Properties of VAC677AP
Br,typ Br,min HcB,typ HcB,min α ρ σ
T T kA·m−1 kA·m−1 %·−1 kg·m−3 kΩ·m
1.13 1.08 960 850 -0.095 7700 588-909
The preeding paragraph leads to the explanation of the demagnetisation shown in
Fig. 4.5(b). Assume that the normal operating point of a permanent magnet used in a
mahine is given by p1 whih has the oordinates (H1, B1). An inrease in load, whih
ould be a terminal short iruit, will ause point p1 to move toward the left. If the knee
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lies in the seond quadrant and the exitation auses the load line to go through point p2,
it will nally return to point p3. In this ase the residual ux density has hanged from
Br to B
′
r.
The negative temperature oeient means that the indued voltage will derease as
the operating temperature of the mahine inreases. As a onsequene (for the same
torque) the stator urrent will inrease to aount for the lower ux from the magnets.
The operating point where the stator urrent stays onstant is then dened as the steady-
state operating point. Sine the indued voltage in eletrial mahines is proportional
to the residual ux density it is neessary to have Br as a funtion of the temperature
oeient, i.e.
Br = Br,20
(
1 +
α
100
(Tc − 20)
)
(4.2.11)
If the knee of the B(H) urve lies in the seond quadrant the magnet behaviour is lin-
earised to simplify the analysis. This is done by alulating an equivalent oerivity HcBe,
i.e.
HcBe = − Br
µ0µr
, 1.0 ≤ µr ≤ 1.1 (4.2.12)
where µr is the relative permeability of the permanent magnet material.
4.3 Nonlinear eld solutions
The nite element method is used to solve the nonlinear behaviour of the mahine. In
this setion the basi equations and boundary onditions are explained. In addition, the
main quantities assoiated with FEA (ux linkage and indutane) are given.
4.3.1 Magnetostati elds
The proposed method to alulate the mahine's performane presented in hapter 5
makes use of FEM and analytial expressions. In this setion the aompanying theory to
the FEM solutions is given. The basis of the magnetostati eld solutions is the quasistati
laws of Maxwell's equations. In the analysis of eletrial mahines the magnetostati
equations are obtained by negleting the displaement urrent. In dierential form they
are:
∇× ~E = −∂µ0
~H
∂t
(Faraday's law)
∇× ~H = −∂ǫ
~E
∂t
+ ~J ≈ ~J (Ampère's law)
∇ · ǫ ~E = ρ
∇ · µ0 ~H = 0
(4.3.1)
The soure of the magneti eld intensity
~H is the urrent density ~J . In the rest of this
setion the rst two laws in (4.3.1) are disussed.
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4.3.1.1 Ampère's law
Ampère's law states that for any losed path, the sum of the length elements times the
magneti eld in the diretion of the length element is equal to the permeability times
the eletri urrent enlosed in the loop. Therefore
~J = ∇× ~H = ∇×
~B
µrµ0
(4.3.2)
needs to be solved, and sine there is no general salar potential for the magneti eld
~B
it is expressed as the url of a vetor funtion, i.e.
~B = ∇× ~A (4.3.3)
and (4.3.2) hanges to
~J = ∇×
[
∇× ~B
µrµ0
]
(4.3.4)
In general both
~J and ~A are vetors. However, in a two-dimensional stati solution ~J
(and thus
~A) is assumed to have only a z-omponent.
Jz(x, y) = ∇×
[∇× Az(x, y)
µrµ0
]
(4.3.5)
4.3.1.2 Faraday's law
Faraday's law states that a time varying
~H implies an indued voltage. This law allows
the alulation of the terminal voltage as
u = −dψ
dt
(4.3.6)
where ψ is the ux linkage
ψ =
∫
S
µ0 ~H · d~a (4.3.7)
The ux linkage alulation is explained in setion 4.3.3. In order to apply Faraday's
law it is rst neessary to solve Az(x, y) for the distributed urrents in the disrete stator
slots as given in (4.3.5). It is important to mention that the winding matrix, as dened
in (3.5.1), allows the alulation of the ampère-turns in the stator slots (Fslot) with ease.
4.3.2 Boundary setup and soures
Fig. 4.6 shows the initial nite element model of the prototype. In this setion the applied
boundary onditions and the denition of the urrent and voltage soures are given.
4.3.2.1 Dirihlet boundary onditions
The Dirihlet boundary onditions are applied to the stator outer and rotor inner diame-
ter. On these boundaries the vetor potential is tangential, and sine the vetor potential
is dened as zero, it is alled the homogeneous Dirihlet ondition. Fig. 4.6 shows the
position where the vetor potential Az equals zero.
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Figure 4.6: Finite element model showing the dierent materials and boundary onditions
4.3.2.2 Periodi boundary onditions
In ylindrial mahines the periodi boundary onditions are applied to the nodes that lie
on θ1 and θ2 as shown in Fig. 4.6. If the vetor potentials at the two boundary nodes have
the same value and sign, it is alled a positive boundary ondition. If the nodes have the
same absolute value, but dierent signs, it is alled a negative boundary ondition. The
periodi boundary onditions are summerised as follows:
Az(θ2) =
{
Az(θ1) positive periodi boundary onditions
−Az(θ1) nagative periodi boundary onditions
(4.3.8)
The periodi boundaries of the prototype model as shown in Fig. 4.6 are positive. This
means that Az(θ1) = Az(θ2).
4.3.2.3 Current soures
The main researh question endeavors to establish high auray alulations to be used
in an everyday design environment. When urrent soures are used in the magnetostati
version of Maxwell's equations, FEA has reasonable solution times. The results inlude
all material nonlinearities and it is suitable for use in an everyday design environment.
The ompat representation of the winding in the in- and outgoing matries is used to
alulate the urrents in the stator slots as given by (4.3.5). In setion 3.6.4 the slot mmf
(in German this is alled the Nutdurhutung ΘN) was explained and an be alulated
as presented in (3.6.8). This equation showed that the slot mmf an be alulated as
Fslot,k = Nt
3∑
n=1
in (m1,nk +m2,nk) (4.3.9)
and automatially takes into aount the number of oil sides Ncs and oil turns Nt. The
only unknown is the instantaneous urrents of the three phases. Using urrent the vetor
presentation as explained in Fig. 5.14(b) the instantaneous urrents an be alulated
in terms of its omponents id and iq. For a parallel branhes, the peak urrent and the
urrent angle are alulated as
Iˆ =
1
a
√
i2d + i
2
q and α = arctan
(
iq
id
)
(4.3.10)
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Sine the rotor is synhronous to the stator rotating eld in steady-state, it is pratial
to dene the urrents in terms of the mehanial rotor position of the rotor θm. The
instantaneous urrents are then alulated as
i1 = Iˆ cos (θ)
i2 = Iˆ cos
(
θ +
2π
3
)
i3 = Iˆ cos
(
θ +
4π
3
)


θ = p
(
θm + (θq − θan)
)
+ α (4.3.11)
where θq is the rotor q-axis and θan the urrent sheet anti-node axis as explained in setion
3.6.2.
For magnetostati analysis, it is not neessary to model a oil side in the slot to have
the same opper area as the atual slot. This makes the model unneessarily omplex.
Espeially in an optimisation proess this means that the model should be adapted after
eah iteration. This an be avoided if the urrent is homogenized in suh a way that
the total urrent is orret. In this ase the urrent density in the elements of the nite
element mesh will be less than the atual urrent density of the opper. However, the
ampère-turns in the slot are the same.
4.3.2.4 Voltage soures
The use of urrent soures together with a magnetostati FEM solver allows the alula-
tion of the steady-state performane of the mahine. This steady-state behaviour is based
on the interation between the stator ux wave (whih rotates at synhronous speed) and
the synhronously rotating rotor ux wave. In the nal design stage a transient FEA is
used to verify the solution obtained with stati solver and urrent soures.
During transient onditions, various disturbanes an ause the stator and rotor uxes
to hange magnitude and angular displaement. The eletrial winding and solid-iron
parts tend to oppose hanges in uxes, and as a onsequene, disturbanes indue transient
urrents in the stator winding and permanent magnets of the rotor.
The transient solution results oered in the present dissertation were obtained with
the transient solver from Maxwell 2D. The peak voltage and voltage angle are alulated
in terms of the dq-variables as
Uˆ =
√
u2d + u
2
q and β = arctan
(
ud
uq
)
(4.3.12)
where β is the angle between the voltage vetor and the q-axis of the rotor. Similar to
the urrent soures, it is pratial to dene the voltages in terms of the rotor mehanial
position θm. The instantaneous voltages are then given as
u1 = Uˆ cos (θ)
u2 = Uˆ cos
(
θ +
2π
3
)
u3 = Uˆ cos
(
θ +
4π
3
)


θ = p
(
θm + (θq − θa)
)
+ β (4.3.13)
where θq is the rotor q-axis and θa the magneti axis of the referene winding. When
using voltage soures it is preferable to use the magneti axis of the winding rather than
the urrent sheet anti-node axis.
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Figure 4.7: Contours C1 and C2 to alulate the ux linkage and indutane
4.3.3 Flux linkage alulation
The vetor potential is the natural variable for evaluating the ux passing through a
surfae. Contour C1 in Fig. 4.7 enloses the surfae through whih the underlying oil's
ux passes and is found by the integration of the ux density over the open surfae
Φ =
∫
S
µ0 ~H · d~a =
∫
S
∇× ~A · d~a (4.3.14)
It follows from Stoke's theorem that this ux is equal to the line integral of
~A · d~s around
the ontour enlosing the surfae, i.e.
Φ =
∮
C1
~A · d~s (4.3.15)
The two oil sides denote the oordinates of the orners of the enlosing S. The ontour
path onsists of a pair of parallel straight segments of length lFe parallel to the z-axis,
one at the loation of the ingoing oil side in the xy plane and the other at the outgoing
oil side and ontours joining the oil sides in the xy plane. Contributions to the ontour
integral from these latter segments are zero beause Az is perpendiular to d · ~s.
Due to the distribution of the vetor potential over the oil sides in the stator slots, the
elemental vetor potentials are averaged and weighted with the element area. Denoting
Aaz and A
b
z as the single valued summation of the vetor potentials, the ux linkage of the
oil is then alulated as
ψ = ksymlFe
Nt
aAcs
(
Aaz − Abz
)
(4.3.16)
where ksym is the symmetry fator of the model and Acs the ross setion area of a single
oil side. Using Faraday's law, the terminal voltage is related to the ux linkage as given
in (4.3.6).
4.3.4 Indutane alulation
The stator winding indutane is a primary parameter of the mahine and is dened in
terms of the ux linkage and the urrent. In permanent magnet mahines the total ux
linking a oil onsists of two parts. One part arises from the urrent itself and the other
part is due to the permanent magnets. In order to alulate the indutane it is neessary
to isolate these parts.
4.3. NONLINEAR FIELD SOLUTIONS 57
PSfrag replaements
H H
B B
Wc =
∫ H0
0
BdH
We =
∫ B0
0 HdB
Wa =
1
2
H0B0
H0H0
B0 B0
Figure 4.8: Denitions for energy alulation
4.3.4.1 Denitions for energy alulation
The indutane is alulated from the energy whih an be expressed in terms of the
energy density of the magneti eld integrated over the volume V of the magneti eld.
In the two-dimensional FEA solution the volume is dened by the surfae enlosed by the
ontour C2 in Fig. 4.7 and the stak length lFe. In this ase
W =
1
2
Li2 =
1
2
∫
V
~B · ~Hd~V (4.3.17)
is the general expression. Sine a two-dimensional solver is used, the integral simplies
to a surfae integral over the model ross-setion multiplied by the stak length, i.e.
W =
lFe
2
∫
S
~B · ~Hd~a (4.3.18)
In non-linear iruit analysis three dierent denitions are assoiated with the energy.
Assuming that B0 and H0 are the oordinates of the nal operating point on the B(H)
urve the energy densities are dened as follows:
We =
∫ B0
0
HdB (energy)
Wc =
∫ H0
0
BdH (o-energy)
Wa =
1
2
H0B0 (apparent energy)
(4.3.19)
where B0 and H0 are shown in Fig. 4.8. In order to alulate the energy the atual
path is known. Eah of the dened indutanes has useful appliations. In the present
dissertation only apparent indutanes are alulated.
4.3.4.2 Indutane matrix
An indutane matrix represents the magneti ux linkages between the dierent urrent
loops in the mahine. For a three-phase mahine the ux linkages an be expressed in
matrix form as
 ψ1ψ2
ψ3

 =

 L11 L12 L13L21 L22 L23
L31 L32 L33



 i1i2
i3


(4.3.20)
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The diagonal terms in the matrix (L11, L22 and L33) represent the self-indutane of eah
phase. The o-diagonal terms in the matrix represent the mutual indutanes between
the phases. It is important to mention that the entries of the indutane matrix are
dependent on the operating point. In order to nd the self- and mutual indutanes, the
following two steps need to be exeuted:
1. A nonlinear magnetostati solution is generated with the soures at values for a
given operating point. This establishes the permeability that varies with eah mesh
element, beause of the variable saturation throughout the mahine. The perme-
ability is saved as shown in Fig. 4.9.
2. In the seond step one ampère is applied to a phase and zero to the remaining
phases. A linearised solution (using the saved permeability from the rst step) is
performed to alulate the self-indutane of the phase where one ampère is owing.
This proedure is repeated for eah of the phases.
For eah of the solutions as desribed here, the remanent ux density in the permanent
magnets is set equal to zero. This means that the ux linkages as a result of only the
urrents are taken into aount. The self-indutanes are alulated as follows:
L11 = lFe
∫
S
~B1 · ~H1d~a (i1 = 1, i2 = i3 = 0)
L22 = lFe
∫
S
~B2 · ~H2d~a (i2 = 1, i1 = i3 = 0)
L33 = lFe
∫
S
~B3 · ~H3d~a (i3 = 1, i1 = i2 = 0)


µ = µsaved
Br = 0
(4.3.21)
In order to alulate the mutual indutane the solutions for
~B and ~H must be saved.
The mutual indutanes are then alulated as
Lij = lFe
∫
S
~Bi · ~Hjd~a


~Bi due to the urrent in the i
th
phase
~Hj due to the urrent in the j
th
phase
i = j ⇒ self-indutane
i 6= j ⇒ mutual-indutane
(4.3.22)
One the elements of the indutane matrix are known, the phase indutanes an be
alulated as
24
L1 = L11 +
i2
i1
L12 +
i3
i1
L13
L2 =
i1
i2
L21 + L22 +
i3
i2
L23
L3 =
i1
i3
Lc1 +
i2
i3
L32 + L33
(4.3.23)
The urrents (i1, i2 and i3) are the urrents from the operating point. The operating
points should be hosen in suh a way that division by zero is avoided.
24
The total ux linkage of a phase is a funtion of the phase urrents and phase indutanes, i.e. ψ1 =
i1L11 + i2L12 + i3L13 = i1L1. The indutane matrix an be obtained diretly form vetor potential.
The phase indutane then beomes a funtion of the atual phase urrents that was used to ompute
the vetor potential.
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Figure 4.9: Saved permeability for a given operating point
4.4 Determination of the winding axis: seond method
In setion 3.8 the winding axis was determined using the phase angle of the winding
fator. This method requires only the winding matrix. Another method to alulate the
winding axes is to diretly use FEA. In the denition of the urrent soures as given in
(4.3.11), the angle α is dened as the urrent angle. If α is non-zero, then only d-urrent
ows and the torque is zero. When α is non-zero q-axis urrent will ow and torque is
developed. Therefore, the torque is a funtion of α and an be written as
T (α) = Tmax sin (θan + α) (4.4.1)
The objetive is to nd the urrent sheet anti-node axis θan for whih T (α) equals
zero when α is set to zero. Setting the urrent sheet anti-node axis equal to zero T (α)
is alulated for dierent values of α. The torque is alulated using the air gap element
(AGE) as explained appendix C
25
. A DFT of the result will give the fundamental and
the phase angle. For aurate results a very small urrent should be hosen to avoid
saturation.
As an example the method is applied to the prototype model as shown in Fig. 4.6. The
torque versus urrent angle results are shown in Fig. 4.10. Applying a DFT to the FEA
alulated torque results in a phase angle of 0.5362 rad. A positive phase angle means
that the urve is shifted 0.5362 eletrial radians to the left. Sine the applied urrents
use osine funtions and the torque is a sine funtion, the urrent sheet anti-node axis is
alulated as
θan = −1
p
(
θp +
π
2
)
(4.4.2)
where p is the number of pole pairs.
25
This is part of FEMP that was mentioned in the introdution.
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Figure 4.10: Torque as a funtion of the urrent angle
4.5 Harmoni analysis
A harmoni analysis is an essential omponent in the mahine design. The basi idea
behind this type of analysis is to represent mahine quantities as the sum of simpler
trigonometri funtions. This proess of breaking up a funtion into piees that helps to
understand it better is ommon in the sienes and engineering and is more ommonly
referred to as a Fourier analysis. The dierene between a time and spatial harmoni
analysis is explained in this setion. Although the underlying analysis is exatly the
same, the terminology is dierent.
4.5.1 Denition of the disrete Fourier transform
Throughout the analysis in the present dissertation the disrete version of the Fourier
transform is used. The disrete Fourier transform (DFT) of the funtion x(n) is dened
as
X(k)
∆
=
N∑
n=1
x(n)e−j2pi(k−1)
n−1
N


∈ C
1 ≤ k ≤ N
∆X = 1
N∆x
(4.5.1)
where N is the number of samples. Even if the fundamental transform stays the same
there are important aspets that need to be taken into aount when performing a time
and spatial harmoni analysis. From (4.5.1) the resolution in the transformed domain is
determined by the number of sampling points and the sampling interval. Furthermore,
the sampling interval ∆x is assumed to be equidistant.
4.5. HARMONIC ANALYSIS 61
4.5.2 Time harmonis
The rst and most ommon harmoni analysis type is to break up a time signal into
smaller funtions. A Fourier analysis applied to a time signal means that the signal is
transformed from the time domain to the frequeny domain. Usually for a transient or
time-stepped solution it is required to perform a time harmoni analysis. Here the time
signal is deomposed into its dierent frequeny omponents whih ould have its origin
from the time signal applied to the motor terminals or it ould be due to the spatial mmf
harmonis in the air gap. Sine it is not always possible to distinguish between the exat
ause of the time harmonis it is neessary to perform the analysis for both a no-load and
load operating point. The two ases are summarised as follows:
No-load Under no-load the harmoni analysis gives harmoni information due the air
gap spatial mmf harmonis. The spatial harmonis ould arise from saturation in
the lamination or it ould arise from a geometrial design aspet like the number of
slots or even the permanent magnets.
Load If a voltage or urrent is applied, the motor terminal harmonis ould be aused
due to saturation or even harmonis injeted by the supply. Even some harmonis
are only load dependent.
In general the DFT is used to both determine the amplitude and frequeny of a spei
harmoni omponent. Usually this is done by sampling the time signal for a suient long
time to assure a very large number of sampling points. This assures a high resolution in
the frequeny domain and an aurate alulation of the amplitude. The Nyquist theory
states that the sampling frequeny fs should be at least twie the highest frequeny, i.e.
fs ≥ 2fmax (4.5.2)
to prevent anti-aliasing. When performing FEA the solution ould be quite long and it is
desirable to keep it short and within limits. Sine the frequeny of the working harmoni
and even the highest harmoni is usually known, the number of sampling points ould be
hosen in suh a way so as to ensure that the solution time is as short as possible and the
determination of the amplitude aurate. If the frequeny applied to the terminals is f1
and the highest expeted harmoni is νmax, then a sampling interval
∆t =
1
2f1νmax
(4.5.3)
will ensure that the resolution in the frequeny domain is a multiple of the fundamental.
4.5.3 Spatial harmonis
The basi proedure to perform a spatial harmoni analysis is explained by means of the
air gap ux density, sine it is a typial appliation in eletrial mahine design where a
spatial harmoni analysis is required. In this ase an ar, as shown in Fig. 4.6, is drawn
in the air gap, i.e. r = rδ.
Sine a harmoni analysis is ommon in signal proessing it ould be onfusing, beause
a spatial harmoni has no frequeny. Reformulating the Nyquist theory in terms of the
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signal's period, the sampling period should be less than or equal to half the lowest period,
i.e.
Ts ≤ 1
2
Tmin (4.5.4)
Reognizing that the period of the signal is omparable with the wavelength of a spatial
harmoni, the Nyquist theory for the spatial harmoni analysis means that the sampling
step length (wavelength) should be less than or equal to half the smallest wavelength, i.e.
λs ≤ 1
2
λmin (4.5.5)
Usually only a part of the mahine needs to be modeled, whih follows from the basi
winding parameters. In ases where sub-harmonis need to be determined, it is neessary
to reonstrut the air gap ux density for 2π radians. The ar length for whih the air gap
ux density was alulated an be used to determine the total number of repetitions and
the periodiity as shown in Fig. 4.11. The number of repetitions is alulated as follows:
N =
2larc
λν=p


larc = r(θ2 − θ1) ar length
λν=p =
2pir
p
working harmoni
mod(N, 2) = 0 even periodiity
mod(N, 2) 6= 0 odd periodiity
(4.5.6)
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Figure 4.11: Even and odd boundary onditions
Due to the disretization through the triangular nite elements, it is not always possi-
ble to nd points on the ar suh that the points are equidistant. Therefore, the quantity
(whih ould be the air gap ux density) obtained from the FEA is re-sampled with an
equidistant interval. With νmax as the highest expeted harmoni known, the sampling
wavelength is alulated as
λs =
1
2
2πr
νmax
(4.5.7)
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Further, to obtain the orret amplitude, it is preferable to ensure that the sampling
wavelength is a multiple of the fundamental
26
, i.e.
λν=1
λs
= k k ∈ N (4.5.8)
In the next setion a spatial harmoni analysis is applied to the prototype design.
4.6 Example of a spatial harmoni analysis
The prototype mahine is used as an example to perform a spatial harmoni analysis.
The magnetostati solver from Maxwell 2D is used to alulate the air gap ux density
to be analysed. In this model the depth is automatially set to 1m. First the air gap ux
density is alulated, followed by the onversion to the ux per pole.
4.6.1 Air gap ux density
The way in whih the stator urrents are dened (in terms of the d- and q-axis urrents) in
setion 4.3.2.3 are dened for a solution domain that omprises all possible ombinations
of d- and q-axis urrents, i.e.
id =


id11 id12 · · · id1n
id21 id22 · · · id2n
.
.
.
idm1 idm2 · · · idmn

 iq =


iq11 iq12 · · · iq1m
iq21 id22 · · · iq2m
.
.
.
iqn1 iqn2 · · · iqnm

 (4.6.1)
After eah nite element solution, a maro alulates the air gap ux density. In order to
do this an ar is drawn in the air gap on whih the radial ux density is alulated. The
spatial harmoni analysis is applied to radial air gap ux density.
The d-axis urrents are dened in the range id11 ≤ id ≤ i1n and represent a row (all
the rows are the same) of id. The q-axis urrents are dened in the range iq11 ≤ iq ≤ in1
and represent a olumn (all the olumns are the same) of iq.
4.6.1.1 Two-dimensional air gap ux density funtions
The air gap ux density will have omponents in the d- and q-axis that are load dependent.
For eah of the FEA solutions in the solution domain the air gap ux density is resolved
into Bd and Bq, the d- and q-axis omponents respetively. It is important to mention
that the result of the DFT is a omplex number and through a proper hoie of referene
axis, the real and imaginary parts will be the diret and quadrature-axis omponents (of
the air gap ux density) respetively. The solution domain for the example is dened as
follows:
id =


−450 −425 · · · 450
−450 −425 · · · 450
.
.
.
−450 −425 · · · 450

 iq =


−450 −450 · · · −450
−425 −425 · · · −425
.
.
.
450 450 · · · 450

 (4.6.2)
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Figure 4.12: Bd and Bq as two-dimensional funtions
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and the alulated results for Bd and Bq (only of the working harmoni) are shown in
Fig. 4.12(a) and Fig. 4.12(b) respetively. The d-axis omponent of the air gap ux
density Bd has an oset due to the permanent magnets. For positive d-axis urrent, the
ux aused by the urrent is in the same diretion as that of the permanent magnets. As a
result the total ux density inreases. When negative d-urrent is applied to the mahine
the ux from the urrent opposes that from the permanent magnets and the total ux
density dereases.
Similar arguments hold for the q-axis ux density. The only dierene is that there is
no oset. For zero q-urrent the ux density is zero.
4.6.1.2 Harmoni omponents
The results in setion 4.6.1.1 was only given for the working harmoni. In this setion
the harmoni analysis of three ases is looked at in more detail. Speial attention is given
to the stator mmf sub-harmonis. These harmonis only arise when urrent is applied to
the stator oils.
The air gap ux density with zero stator urrent (and a regular distribution of the
slots) is shown in Fig. 4.13. For larity the working harmoni is inluded as the dashed
line in the spatial plot. Sine only a fth of the mahine is modeled, (4.5.6) is used to
onstrut the spatial air gap ux density for 2π. A stem plot27 of the DFT is shown in the
lower part of the gure. The working harmoni is at ν = 10. In the q-axis no harmonis
are present. The slot harmonis are explained in two steps:
Air gap ux density without stator slots: If there are zero stator slots only the har-
monis due to the permanent magnets are present. In this ase only the odd har-
monis are present, i.e. ν ∈ 1, 3, 5, . . ., as shown in Fig. 4.13(a).
Air gap ux density inluding the stator slots: When the stator slots are present
the slot harmonis will our at
νslot =
Qs
p
± 1 (4.6.3)
For Qs = 30 and p = 10 the slot harmonis will be at 3 ± 1. This is shown in
Fig. 4.13(b).
In the next example, a positive d-axis urrent is applied to the stator oils. Aording
to the results presented in Fig. 3.7a, the prototype mahine with 30 slots and 20 poles has
a sub-harmoni. The spatial distribution of the air gap ux density with Id > 0 is shown
in Fig. 4.14(a). With the positive d-axis urrent the working harmoni is enhaned. The
sub-harmoni at ν = 5 is onsistent with the theoretial predition.
The last example shows the result when only q-axis urrent is applied to the stator oils.
The spatial air gap ux density distribution for iq > 0 is shown in Fig. 4.14(b). For q-axis
urrent, the magneti ux is in the diretion of the q-axis and therefore perpendiular to
the ux in the d-axis. There is a slight hange in the d-axis ux due to ross-magnetisation.
In this setion very important aspets on espeially the spatial harmoni analysis were
pointed out. Through a proper hoie of referene axis and assuring onsistent data, the
26
The reader is referred to setion 3.1 for the denition of the fundamental.
27
The name is adopted as used in Matlab.
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(a) Air gap ux density without stator slots
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(b) Air gap ux density inluding the stator slots
Figure 4.13: Spatial harmoni analysis with I1 = 0
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 analysis with I1 6= 0
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DFT an be used to determine the d- and q-axis omponents of the spatial air gap ux
density.
4.6.2 Flux per pole
The air gap ux per pole is the integral of the ux density over the pole area, and for a
two-pole mahine is equal to
Φˆ = lFe
∫ +pi
2
−pi
2
Bˆδ cos(θ)rdθ = 2lFeBˆδr (4.6.4)
where lFe is the axial length of the stator and r is the radius at the air gap. For a mahine
with 2p poles, the pole area is 1
p
times that of a two-pole mahine, i.e. (4.6.4) hanges to
Φˆ =
1
p
2lFeBˆδr (4.6.5)
This result means that the ux per pole an be alulated using the two-dimensional
funtions presented in setion 4.6.1.1. The air gap ux density is alulated as
Bˆδ =
√
B2d +B
2
q (4.6.6)
4.7 Summary
In this hapter the important FEM underlying theory neessary to model a mahine
was explained. Sine the model is based on the mahine's physis, its soures and the
boundaries must be speied in the orret way to ahieve the desired results. The
mahine's performane is alulated in terms of the fundamental voltages and urrents.
To obtain the fundamental quantities, a harmoni analysis needs to be exeuted. The
hapter onluded with examples of a time and spatial harmoni analysis.
In the next hapter the presented theory and analysis methods, up till now, are applied
to a tration mahine ase study. The objetive will be to answer the main researh
question.
Chapter 5
Tration mahine ase study
In his last paper, Klíma (1979) wrote: The aim of designers of eletrial mahines is to
design windings with winding fators for the working pole number as large as possible
and at the same time to suppress the rest of the winding fators. This design strategy is
still valid today.
This hapter is devoted to the main researh question. In the rst half up to setion
5.6 a fast and aurate design proedure is developed whih is suitable for an everyday
design environment. For the ase study, the proedure presented is applied to a 150 kW
tration mahine with a single layer non-overlapping windings and interior permanent
magnets. The design is aimed at integrated drives for the use in underground and ity
trains as presented by Jökel et al. (2006a). From setion 5.6 the measured results of the
realised prototype are oered and disussed.
5.1 Introdutory remarks
The design of high-performane mahine drives requires a detailed understanding of ma-
hine harateristis and assoiated interations with power eletroni devies. Although
the basi priniple of operation for a given mahine type stays the same, the detailed
design is dened by the appliation and the environmental onditions. These an be very
dierent for low and high power drives.
When designing eletrial mahines the primary aim is to nd the major dimensions
whih are the bore diameter and the stak length. Usually the nal design is found through
an iterative optimisation proess that is applied to the initial design parameters. The two
most important eletromagneti requirements are the magneti and eletrial loading. All
design parameters are then expressed in terms of the ux and urrent densities for whih
there are some guideline values. Very seldom a mahine design is started from srath
and it is typial to use an available mahine and adapt it to the design requirements.
The requirements of the eletromagneti design is speied by the torque versus speed
harateristi for the driving and braking mode. This desribes the mahine behaviour
over the whole speed range. It is the aim of the designer to nd the best geometrial
dimensions that full the torque versus speed harateristi. The optimisation riteria
depend on the appliation. For trains that are operated in the ity, where they have to
aelerate after eah stop, the objetive would be to keep the average loss over a yle
to a minimum. In high speed appliations, the traveling time between two stops is muh
longer than those for ity trains. Here the objetive would be to optimise the eieny
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at the speed where the motors are operated most of the time.
5.2 Torque versus speed harateristi
The tration drive under onsideration is designed for a low voltage d.. grid with a
nominal d.. voltage of 750V on third rail. A typial design starts with a torque versus
speed harateristi and for tration appliations it needs to be speied for both the
driving and braking mode. The maximum values of the drive speiation are given
in Tab. 5.1 and the harateristis for braking and driving are given in Fig. 5.1(a) and
(b) respetively. The given power harateristis are only short time values during the
aeleration or braking phase, whih is typially between 10 s and 20 s. Consequently, the
required power is not a thermal rating. The two operating modes an be summerised as
follows:
Braking: Charateristi for the braking mode is the relatively long onstant torque region
and the short onstant power range. In braking mode the mahine is operated as
a generator, supplying power to the grid. During braking mode the vehile an
easily deal with double the tration power. The additional power is used to supply
auxiliaries and other vehiles with the braking power. Exess power an easily (if
neessary) be dissipated through a d.. dump resistor. For this reason the d..-
bus voltage is higher than in driving mode. From the train operator the d..-bus
voltage during braking is speied as 900V. This means that the output line-to-
line voltage of the inverter in braking mode is higher than in the ase of driving
mode. Moreover, the number of series turns must be hosen in suh a way as
to ensure that the pullout torque is at least 10%-15% higher than the torque at
maximum speed during braking.
Driving: In this mode the mahine is operated as a motor. The available power in
driving mode is limited by the d.. supply grid. The mahine is operated most
of the operating time in this mode. Therefore, the objetive is to nd the best
geometrial dimensions that ensure the maximum torque per urrent. Sine the
braking mode is used to determine the number of series turns, it often ours that
the maximum line-to-line voltage is reahed in the onstant power region (and not at
the beginning of the onstant power region). From this point on up to the maximum
speed, eld weakening is required. From the train operator the d..-bus voltage is
speied as 730V.
Table 5.1: Drive speiation (maximum values)
Braking (Generator) Driving (Motor)
Pmech/kW 300 150
Ud.c./V 900 750
U1,max/V 702 585
nmax/rpm 700 700
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Figure 5.1: Tration mahine torque speed harateristi
5.3 Coneptional design
The oneptional design starts with the hoie of the main geometrial dimensions. In this
step the volume that enloses the air gap is determined. The air gap volume is obtained
from the bore diameter and eetive stak length. Guideline values for urrent density
an be used to obtain all the design parameters to be optimised. If there are no further
requirements, these parameters are then ne-tuned by means of an iterative proess in
order to get the best solution to t the given design requirement. Often requirements like
ost redution lead to designs that are optimised for the manufaturing proess. In suh a
ase non-overlapping windings are denitely very attrative, espeially due to the simple
onstrution.
5.3.1 Winding type
In appliations where mahines are operated with an inverter supply the indued turn-
to-turn voltages ould be twie the normal operating voltage. For ontaminant-laden
environments the end windings are the most suseptible area. Moisture and ontaminants
inrease traking and deterioration that an lead to failure. Aspets like these limit the
hoie of wire and the type of insulation. The wire type and insulation not only determine
the opper ll fator, but the loss alulation as well.
5.3.1.1 Form-wound versus random-wound oils
Fig. 5.2 shows typial winding ongurations that ould be used in the design. The hoie
of winding onguration does not aet the eletromagneti behaviour of the mahine,
but it does aet the loss mehanism. Form-wound oils have a muh better opper ll
fator. This means that for the same urrent it will have a lower resistane ompared to
its round-wire ounterpart and onsequently lower opper loss. A summary of the main
dierenes between form-wound and random-wound oils are given in Tab. 5.2
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al single and double layer winding layouts
Table 5.2: Main dierenes between form- and random-wound oils
Form-wound oils Random-wound oils
The magnet wire is retangular or square
and individual turns are systematially ar-
ranged throughout the oil.
Round-wire of equal or dierent sizes is
used and the turns have a random loa-
tion.
Individual wires are held tightly in the slot
and the opper ll is uniform.
The individual wires may be loose and vi-
brate with respet to eah other, depend-
ing on the resin treatment.
Coil-to-oil onnetions are usually re-
quired.
Only phase onnetions are required.
All the oils have an idential end wind-
ing form whih mean that there are large
openings for air irulation. This prevents
ontamination build up. In addition the
large openings promote ooling.
End windings are ompletely overed and
exessive resin an build up. The open-
ings are usually sealed whih means that
moisture and ontaminates an easily be
aumulated.
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5.3.1.2 Single versus double layer non-overlapping windings
Sine the analysis in the present dissertation is devoted to non-overlapping windings, the
hoie should be made between single and double layer. A summary of the dierenes are
given in Tab. 5.3.
Table 5.3: Summary of single and double layer winding oils
Non-overlapping double layer Non-overlapping single layer
A non-overlapping double layer onen-
trated winding has a oil wound around
eah tooth and the oil pith is xed. This
usually leads to the use of round-wire for
whih the insulation lass 200 is not typ-
ial. The number of oils is equal to
the number of slots. To redue the og-
ging torque any further the rotor must be
skewed.
Here only every seond stator tooth has a
oil wound around it and as a onsequene
the oil pith an be varied to improve
the motor performane. This then leads
to a stator design with alternating tooth
widths. Form-wound oils and insulation
lass 200 an be used and the oil number
is half the slot number. It is not nees-
sary to skew the rotor sine the stator slot
pith an be varied to redue the ogging
torque.
Due to environmental onditions, it is typial to use form-wound oils in tration
mahines rather than random-wound oils
28
. Form-wound oils have a better thermal
loading and vibration withstand apability.
5.3.2 Sizing equations
A general sizing equation that an be used to nd the main dimensions is the so-alled
Esson number. It is dened as the torque orresponding to the apparent power Ps to
the air gap bore volume. Gutt and Grüner (1998) summarized the Esson number in their
paper as
C =
Ps
2πnVbore
=
π2√
2
ξpA1Bˆδ


A1 = 2m
NsI1
πdi1
Bˆδ =
2pΦˆ
2ldi1
Vbore =
πd2i1
4
lFe
(5.3.1)
and pointed out that the equation parameters annot be applied to linear mahines.
Ronghai and Lipo (2004) used the same argument and suggested a method that is valid
for all mahine types. This of ourse is only useful if dierent mahine types are to be
ompared with eah other. Sine their is no exat design rule to alulate the mahine
parameters, the Esson number is a good starting point. The reader is referred to the book
of Vogt (1996) for detailed lists of typial A1 and Bδ for dierent mahine types.
28
Also known as round-wire.
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5.3.3 Number of stator slots
The speiations for the stator slots are that they must be open, sine form-wound stator
oils must be used. The ase study prototype motor presented in the present dissertation
has a stator inner diameter of 280mm (a detailed drive speiation was presented by
Germishuizen et al. (2006) and Jökel et al. (2006b)). Choosing the number of stator
slots is bounded by primarily two fators:
1. For single layer non-overlapping windings the number of stator slots must be a
multiple of twie the number of phases, i.e. Qs ∈ {6, 12, 18, 24, . . .}.
2. Design for manufaturability means that produts are designed in suh a way that
they are easy to manufature at the lowest possible ost.
For the stator inner diameter of 280mm the possible slot number is in the range
24 ≤ Qs ≤ 36. Tab. 5.4 gives the properties of the winding for the dierent slot and pole
pair ombinations. Sine non-overlapping onentrated form-wound stator oils are used
to ahieve a high opper ll fator, the tooth width around whih the oils are wound
limits the radius of urvature. For manufaturing, the best number of slots is hosen to
be Qs = 30. It was shown in setion 3.7.1 that the feasible region for the number of slots
per pole and phase should be
1
4
≤ q ≤ 1
2
. Skaar et al. (2006) presented the same results
in their onferene paper. For manufaturability the least number of poles are hosen,
i.e. for q = 1
2
. Therefore the number of pole pairs equals p = 10. For this design the
average oil pith is yp = 1.5, and sine it is a single layer non-overlapping winding yd = 1.
For analysis purposes it is neessary to keep trak of both the average oil pith and the
atual hosen oil pith.
Table 5.4: Slot and pole pair ombinations for ase study design
Qs 24 24 30 30 36 36
p 8 10 10 13 12 15
Qc 12 12 15 15 18 18
q 1
2
2
5
1
2
5
13
1
2
2
5
qc
1
4
1
5
1
4
5
26
1
4
1
5
Qb 6 12 6 30 6 18
t 4 2 5 1 6 3
ξp 0.866 0.966 0.866 0.936 0.866 0.966
5.3.4 Eletromagneti design
The geometrial dimensions of the eletromagneti design are limited by the available
spae. In railway tration, as in this example, the available spae is limited by the
gauge, whih is standard gauge
29
. The distane between the inside edges of the rails of a
29
Also named the Stephenson gauge after George Stephenson.
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standard gauge trak is 1435mm. In addition to this, the diameter of the wheels and the
required underground learane determine the maximum stator outer diameter. Another
requirement that limits the design is the speiation to use insulation lass 200. Usually
this leads to the use of form-wound oils. The eletromagneti design and its parameters
are shown in Fig. 5.3.
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Figure 5.3: Geometrial mahine parameters
5.3.5 Winding properties
The use of form-wound oils means that the inner slot walls of the tooth around whih
the oil is wound, ould be parallel to eah other. One advantage thereof is that it is very
easy to insert the oils into the stator slots. The major winding properties are presented
in this setion.
5.3.5.1 Eetive number of turns per slot
In pratial engineering these variables are expressed in terms of the winding parameters
and the arrangement of the ondutors in the stator slot. The eetive number of turns
is
z =
mslnsl
awa


msl wires in slot height
nsl wires in slot width
aw parallel wires
a parallel branhes
(5.3.2)
5.3.5.2 Series number of turns
For the alulation of the indued voltage per phase, only the number of series turns is
neessary. The number of series turns is alulated as
Ns = z
Qs
2m
(5.3.3)
where z is the eetive number of turns per slot as given in (5.3.2).
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Figure 5.4: End winding parameters
5.3.5.3 End winding leakage indutane
Fig. 5.4(a) shows a ross setion of the mahine and the loation of the end winding.
Although the leakage indutane is usually diult to alulate analytially and must be
determined by approximate or empirial tehniques, it plays an important role in mahine
performane. The end winding leakage indutane is alulated as
Le = µ0leqz
2Qs
m
λe (5.3.4)
where λe is the spei permeane of the end winding and le is the average length of the
end winding. Using the parameters in Fig. 5.4(b), le is alulated as
le = π
bt + bs
2
+ 2lse (5.3.5)
where lse is the straight part of the winding overhang. Due to the mehanial onstrution,
it is diult to alulate the spei permeane of the end winding and it is therefore
estimated on the basis of experiments. Gieras and Wing (2002) mention in their book
that
λe ≈ 0.2q (5.3.6)
gives good results for single layer windings.
5.3.5.4 Stator d.. winding resistane
The stator winding resistane per phase for the d.. urrent is
R1 =
zQs
m
lav
σAcu
(5.3.7)
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where lav is the average length of a turn, Acu is the wire ross setion and σ the on-
dutivity at given temperature (for opper σ = 57.14× 106 S·m−1 at 20. The average
length of a winding turn is alulated as
lav = 2(lFe + le) (5.3.8)
in whih lFe is the stak length (the mahine has no radial ooling duts) and le is given
in (5.3.5). Usually the resistane is alulated for 20. Under operating onditions the
temperature oeient of opper α is used to alulated the resistane at a temperature
Tc as
R = R1,20(1 + α∆T )
{
α = 0.00395
∆T = Tc − 20
(5.3.9)
5.3.5.5 Winding layout
The winding layout is obtained diretly from the winding matrix. Fig. 5.5 shows the
nal winding layout. Sine the basi winding has 6 slots and 3 oils, the basi winding
is repeated 5 times. Reall from hapter 3 that the winding matrix of the basi winding
equals
M1,b =

1 0 0 0 0 00 0 1 0 0 0
0 0 0 0 1 0

 M2,b =

0 −1 0 0 0 00 0 0 −1 0 0
0 0 0 0 0 −1


(5.3.10)
and M1,b(1, 1) = 1, it means that the ingoing oil side of phase 1 of the rst is positive.
The outgoing oil side is negative and M2,b(1, 2) = −1.
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Figure 5.5: Winding layout
5.3.6 Geometrial dimensioning
Through an iterative design proedure the geometrial dimensions need to be determined.
The fous in this setion is to show how the variable pith of single layer non-overlapping
windings an be used to improve the design.
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5.3.6.1 No-load ux linkage versus tooth width
From the winding design methods presented in hapter 3, the single layer non-overlapping
winding type an have a variable oil pith. To illustrate the inuene of hanging the
oil pith as dened in (3.5.5) the value of x is varied between 1 and 1.5. For x = 1 it is
a regular distribution of the stator slots as shown in Fig. 3.5(a). If x > 1, the slots have
a irregular distribution as shown in Fig. 3.5(b). The winding fators for dierent values
of x and p are given in Tab. 5.5. Setting x = 1 the winding fator equals 0.866. This is
the same as reported by Cros and Viarouge (2002); Magnussen and Sadarangani (2003);
Skaar et al. (2006); and Libert and Soulard (2004). If x = yp it means that the oil spans
a pole pith and the winding fator equals 1.
Table 5.5: Winding fators when hanging the slot pith (xτs)
x ξ5 ξ10 ξ50 ξ70
1.00 0.50 0.87 0.87 0.87
1.05 0.52 0.89 0.71 0.99
1.10 0.54 0.91 0.50 0.98
1.15 0.57 0.93 0.25 0.83
1.20 0.59 0.95 0.00 0.59
1.25 0.61 0.96 0.26 0.26
1.30 0.63 0.97 0.50 0.10
1.50 0.71 1.00 1.00 1.00
The results presented in Tab. 5.5 means that the winding fator will beome a funtion
of the tooth width. Sine the indued voltage is diretly proportional to the winding fator
as given in (3.0.1), the ux linkage ξpNsΦˆ will also be a funtion of the tooth width (bt in
5.3). The winding fator alulation is veried by means of FEA. Instead of alulating
the air gap eld harmonis, the ux linkages when moving the rotor is evaluated for a
given magnet and slot width. The FEMP software employs a speial air gap element in
the nite element method as proposed by Abdel-Razek et al. (1981), is used (a summary
of the air gap element is given in appendix C). There is no mesh in the air gap, whih
means that the rotor rotation is independent of the mesh and a suitable step size an be
hosen that will simplify the disrete Fourier transformation of the ux linkages. Fig. 5.6
shows a eld solution of the FEMP software
30
. Notie that there is no mesh in the air
gap.
The result of the fundamental ux linkage for dierent tooth widths is shown in
Fig. 5.7(a). This veries that by inreasing the tooth width, the fundamental winding
fator an be inreased.
5.3.6.2 Torque pulsation
There are three soures of torque ripple oming from the mahine. They are: the ogging
eet; distortion of the magneti ux density distribution in the air gap; and the dierene
between permeanes of the air gap in the d- and q-axis. Cogging torque in permanent
magnet mahines is aused by the interation between the rotor magneti ux and the
variable permeane of the air gap due to the stator slot geometry. For regular distributed
30
Only a limited version for displaying the FEM alulated results, was programed in Matlab.
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Figure 5.6: No-load eld solution using FEMP
stator slots the number of ogging pulsations per rotor revolution is a funtion of the
least ommon multiple between Qs and 2p as mentioned by Cros and Viarouge (2002),
i.e. lm (Qs, 2p) and should be as high as possible.
One the stator slot parameters are hosen, the stator tooth width is varied to minimise
the ogging torque. The torque as a funtion of the rotor position is alulated from the
AGE and by rotating the rotor in the FE analysis. Fig. 5.7(b) shows the torque harmonis
as a perentage of the rated torque. It an be seen that the 6th torque harmoni an be
redued to zero if the tooth width is hosen to be 26.6mm ≤ bt ≤ 26.9mm. The irregular
distribution of the stator slots has another advantage whih redues the no-load ogging
torque.
5.3.6.3 Rotor design
In the eletromagneti design of the rotor the main objetive is to nd the magnet di-
mensions. It should be hosen in suh as way that the interations of the rotor air gap
mmf harmonis with that of the stator winding are minimized. In order to do so, the
working harmoni of the rotor air gap mmf needs to be evaluated. Fig. 4.13 showed the
air gap mmf harmonis with zero urrent and a regular distribution of the stator slots.
In this ase the air gap mmf have both a 5th and 7th spatial harmoni. Fig. 5.8 shows the
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spatial harmonis of the air gap mmf. The magnet width is hosen suh that the 5th and
7th spatial harmonis are suppressed. In doing so, however, a sub-harmonis arises.
The mehanial design of the rotor omprises, among others, two mehanial param-
eters. They are the bridge height hb and the web width bw as shown in Fig. 5.3. The
laminated bridge above the magnets and losest to the air gap has its minimum height
between two poles. Both parameters are determined from a mehanial stress analysis at
the maximum operating speed.
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5.3.6.4 Staggered rotor design
The distortion of the magneti air gap ux density auses torque pulsations as explained
in setion 5.3.6.2. This ours when urrent is owing in the stator winding and has a
load dependeny. Williamson and Volshenk (1995b) reported that the amplitude of the
ripple an be minimised by employing
 a large radial air gap for large mahines and
 to skew the stator one slot pith to ahieve the same eet.
Another method to redue the load dependent torque ripple is to use two rotor staks
with the same axial length whih are displaed by a pre-dened angle. This pre-dened
angle orresponds to the harmoni of the torque ripple. The staggering angle is alulated
as
θs =
2π
νp
(5.3.11)
where ν is the harmoni oder of the torque ripple. For the mahine in the ase study, the
staggering angle equals 6 °. Fig. 5.9 shows a graphial presentation of the staggered rotor.
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Figure 5.9: Staggered rotor
In oder to keep trak of the rotor axis, eah stak is displaed 3 ° from the ideal rotor axis
as shown in the gure. The disadvantage of a staggered rotor is that the indued voltage
will be lower. Williamson and Volshenk (1995a) give a detailed desription of how skew
an be represented in an approximate manner in 2D FEM.
5.3.6.5 Stator parameters
A summary of the stator parameters of the prototype mahine are given in Tab. 5.6.
5.4 Loss alulation
The loss alulation is important for three reasons: it determines the eieny of the
mahine and onsequently the operating ost; the losses determine the heating of the ma-
hine and hene the available output power; and the voltage drops or urrents omponents
supplying the losses must be aounted for.
5.4.1 Loal eddy urrent loss
Condutors in the stator slots are exposed to osillating transverse magneti elds whih
ause eddy urrents. The ondutors to whih these eddy urrents apply are shown in
Fig. 5.10(a). In this slot representation the ondutors are loated one above the other
and eah arries a urrent of equal frequeny. Furthermore, eah ondutor has a height
and width of hc and bc respetively.
As a result of the non-uniform urrent density the losses inrease. The average resis-
tane oeient per slot is derived in detail by Lammeraner and Sta (1966) and has the
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Table 5.6: Parameters of the prototype stator
Parameter Desription Referene Value
Qs Number of slots Tab. 5.4 30
da1 Outer diamater Fig. 5.3 370mm
di1 Inner diameter Fig. 5.3 280mm
bt Tooth width Fig. 5.3 26.6mm
bs Slot width Fig. 5.3 12.1mm
bm Magnet width Fig. 5.3 35.2mm
hm Magnet height Fig. 5.3 13.0mm
lm Magnet length Fig. 5.3 80.3mm
h1 Eetive height Fig. 5.3 30.4mm
msl Wires in height 9
nsl Wires in width 1
z Eetive ondutors (5.3.2) 9
Ns Series turns (5.3.3) 45
hc Copper height 2.86mm
bc Copper width 10.15mm
le Length of end winding (5.3.5) 90.8mm
lFe Stak length 786mm
Le End winding indutane (5.3.4) 2.31µH
R1,20◦C Resistane 48.1mΩ
following general solution
kr = ϕ(ξ) +
[
m2sl − 1
3
−
(msl
2
sin
γ
2
)2]
ψ(ξ)


ϕ(ξ) = ξ
sinh2ξ + sin 2ξ
osh2ξ − cos 2ξ
ψ(ξ) = 2ξ
sinhξ − sin ξ
oshξ + cos ξ
ξ = hc
√
πf1µ0σb
γ =
2π
2m
, b =
nslbc
bs
(5.4.1)
where msl is the total number of ondutors in the slot height and therefore must be an
even number. The funtions ϕ(ξ) and ψ(ξ) arise from the solution to Maxwell's equations
and ξ is the ratio of the ondutor height to the skin depth. If nsl ondutors lie side
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by side at the same height of the slot, they are taken as a single ondutor arrying nsl-
times higher urrent. The angle γ aounts for the phase angle between the ondutors
of dierent phases. This applies to the ase where a slot has oil sides in the top and
bottom part of the slot that belongs to dierent phases.
5.4.1.1 Double layer windings
With three-phase windings the phase angle between two adjaent phases is obtained from
the phase belt denition and equals 60°. This means that the average resistane oeient
(5.4.1) beomes
kr = ϕ(ξ) +
[
m2sl − 1
3
− m
2
sl
16
]
ψ(ξ) (5.4.2)
the general solution for three-phase double layer windings. However, double layer windings
are often horded to suppress undesired harmonis whih means that some of the slots
will have ondutors arrying urrents with dierent phases. For a horded winding the
atual oil pith yd is typially less than the average pole pith yp, and (5.4.2) is written
in terms of the relative winding pith, i.e.
kr = ϕ(ξ) +
[
m2sl − 1
3
− m
2
sl(1− yc)
16
]
ψ(ξ), where yc =
yd
yp
(5.4.3)
If all the ondutors in a slot belongs to the same phase, then γ = 0° and (5.4.1) simplies
to
kr = ϕ(ξ) +
[
m2sl − 1
3
]
ψ(ξ) (5.4.4)
5.4.1.2 Single layer windings
In single layer windings all the ondutors in a slot arry the same urrent. It is therefore
not neessary to derive a new expression for the average resistane oeient. For single
layer windings (5.4.4) is valid.
5.4.1.3 Round wire
In the ase of round wire the inrease in the stator resistane ould be approximated by
onverting the round wire to retangular wire. In order to do so, the equivalent retangular
wire has a height of
hc =
√
π
dc
2
(5.4.5)
where dc is the ondutor diameter is. This approximated approah, however, ould have
a substantial error as shown by Nan and Sullivan (2005).
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5.4.2 Cirulating urrent loss
It is often neessary to divide a ondutor into several wires of the same or dierent
sizes in parallel to redue the eddy urrent loss as desribed in setion 5.4.1. Fig. 5.10b
shows a non-overlapping onentrated oil with eah ondutor onsisting of four parallel
stranded wires. Notie that the in- and outgoing sides of a single turn are at dierent
heights. Consequently the indued voltage in the two sides will be dierent and results in
equalising urrents between the parallel wires of the ondutor. These are alled irulat-
ing urrents
31
. The average resistane oeient due to parallel wires at dierent heights
in the slot is alulated as
krc = ϕ(ξ
′) +
[
m2sl − 1
4
]
ψ(ξ′) where ξ′ = ξ
√
lFe
lFe + le
(5.4.6)
5.4.3 Stator winding losses
The winding resistane ontribute to the I2R losses. Sine the loal eddy urrent loss
(due to the skin eet) only applies to the part of the ondutor in the slot, the stator
winding resistane is divided into the resistane of the bars Rb and the resistane of the
end onnetions Re, i.e.
R1 = Rb +Re


Rb = R1
lFe
lFe + le
Re = R1
le
lFe + le
= R1
(
1− lFe
lFe + le
) (5.4.7)
The total winding opper loss due to the inreased resistane is then alulated as (for a
three-phase system m = 3)
PCu = mI
2
1
(
Rbkr +Re + R1(krc − 1)
)


PCu,ad = PCu − PCu,d.c.
PCu,d.c. = mI
2
1R1
krc = 1 if mpsl = 1
(5.4.8)
where mpsl is the number of parallel wires (that belong to the same ondutor) at dierent
heights in the slot. If mpsl = 1 there will be no irulating urrents. This means that
irulating eddy urrent loss R1(krc − 1) will be zero. PCu,ad is the additional loss due to
the operating frequeny.
5.4.4 Iron loss
When the mahine is loaded, the spae distribution of the ux density is signiantly
hanged by the mmf of the load urrents. As a result, the ore loss may inrease notieably.
The air gap mmf harmonis an ause appreiable losses in the bordering surfaes. These
losses are referred to as surfae losses and Vogt (1996) summerised it as follows:
31
These urrents are ommonly known as Shlingströme in German.
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1. If the length of a bordering surfae is greater than the wavelength of the air gap har-
moni, eddy urrents will ow when there is a relative movement between the surfae
and the harmoni. This usually applies to the rotor surfae losest to the air gap.
2. When the bordering surfae has a length shorter than the harmoni wavelength, the
ux lines lose over the teeth and the stator yoke. If relative movement exists be-
tween the harmoni and the teeth, hysteresis losses will our in the teeth. Beause
of the pulsating nature of these ux lines, it is alled pulsation loss.
3. If the bordering surfae has an almost equal length as the harmoni wavelength,
hysteresis losses will our in the stator tooth tips.
The iron losses in the present dissertation were alulated using the ore loss model
from Maxwell 2D. Lin et al. (2003) presented the ore loss model for use in a transient
solver from Maxwell 2D. Germishuizen and Stanton (2008) did a detailed investigation on
the iron loss alulation for two indution motors in the 200 kW range. Sine it is known
that the alulated iron loss (with oeients supplied from the manufaturer) is always
less than those measured, it needs to be multiplied by a fator. Germishuizen and Stanton
(2008) onluded that if no measured data are available, the ore loss alulated with
Maxwell 2D should be multiplied by, the so-alled manufaturing fator, of 2. Tab. 5.7
presents the alulated results (without the fator 2) with the Maxwell 2D ore loss model.
The no-load ux linkages are inluded as well
32
.
Table 5.7: Ironloss alulation at 20 (Br = 1.08T)
f n ts kh kc ke ψˆ1 ψˆ5 PFe
Hz rpm µs ×10−3 ×10−6 - mV·s mV·s W
130 780 38.462 35.159 263.8 0 861 19.4 2186
140 840 35.714 36.160 263.8 0 861 19.4 2488
150 900 33.333 36.676 263.8 0 861 19.4 2752
160 960 31.250 36.798 263.8 0 861 19.4 3087
180 1080 27.778 36.121 263.8 0 861 19.4 3898
5.4.5 Eddy urrents in the permanent magnets
The permanent magnets are situated in a time-varying magneti eld and as a onsequene
the indued eletri eld gives rise to urrents. The integral form of Faraday's law, applied
to the surfae S1 enlosed by C1 in Fig. 5.11 is∮
C1
~E · d~s = − d
dt
∫
S1
~B · d~a (5.4.9)
The resulting irulating urrent is related to the enlosed magneti ux through Ohm's
law. Therefore∮
C1
~J
σ
· d~s = − d
dt
∫
S1
~B · d~a (5.4.10)
32
Both Maxwell 2D and FEMP alulate the same ux linkage per phase.
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where
~J = σ ~E (5.4.11)
The permanent magnets used in the prototype were segmented in an axial diretion to
limit the losses due to the irulating (eddy urrents) in the permanent magnets. In two-
dimension FEA solutions, the segmentation annot be modeled diretly. One method to
aount for the segmentation is to redue the ondutivity of the permanent magnets.
Suh redution fators were presented by Boules et al. (1980). The redution fator is a
funtion of the ratio of the magnet length to the slot pith. Stanton and Germishuizen
(2008) presented Maxwell 3D eddy urrent loss alulations for dierent number of axial
segments. The results for the prototype mahine are given in Fig. 5.12. It ompares
very good with that given by Boules. Sine the mahine has an irregular distribution of
the slots, the average slot pith is used. For the ase study design, the redution fators
equals kb = 0.75.
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Figure 5.11: Eddy urrents in the permanent magnets
5.5 Two-dimensional mahine harateristi funtions
A typial design usually starts with some ustomer requirement. When possible, a de-
signer will try to use a design that has withstood the test of time and modify it slightly to
full the new design speiations. When this is not possible, a new design should be un-
dertaken and almost every time a nite element analysis needs to be exeuted. A typial
design proess is shown in Fig. 5.13(a). For aurate results typially a transient solver
with voltage soures is used to ahieve high auray. This ould be very time-onsuming
and is limited by the available tehniques and resoures. The best solution is to imple-
ment the tehniques in suh a way as to fully make use of the resoures. Fig. 5.13(b)
suggests a more eient way. From the ustomer requirement an initial design is reated.
5.5. TWO-DIMENSIONAL MACHINE CHARACTERISTIC FUNCTIONS 89
PSfrag replaements
lm/τs
k
b
kb = 0.75
Maxwell 3D FEA
Boules's redution fator
10−2 10−1 100 101 102
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
Figure 5.12: Redution fator for the permanent magnet's ondutivity
Instead of diretly starting with a transient solution, a map of the solution domain using
the stati solver is generated. The solution domain desribes the torque and ux linkages
for all possible ombinations of the input urrent and material properties.
5.5.1 Park transformation
Due to the synhronous rotation of rotor and stator mmf it is ommon pratie to revolve
the mahine quantities into two rotating omponents. The usefulness of this onept
means that although eah of the stator phases has a time varying ux linkage, the trans-
formed ux linkages rotate with the rotor and hene are onstant.
A ross setion of an elementary mahine is shown in Fig. 5.14(a). The oils on the
stator are shown as single multiple-turn full pithed oils. With the rotor in the unaligned
position a torque is developed that will ause the rotor d-axis to have the tendeny to
align with the stator resultant mmf.
The d- and q-axes are xed on the rotor. In order to transform the mahine quantities
into the two axes the following transformation matrix is used
 SqSd
S0

 = 2
3

 cos(θ) cos(θ + 2pi3 ) cos(θ + 4pi3 )sin(θ) sin(θ + 2pi
3
) sin(θ + 4pi
3
)
1
2
1
2
1
2



 S1S2
S3


(5.5.1)
The matrix input variable θ is the angle between the magneti axis of phase 1 (θa) and the
rotor q-axis. The vetor diagram as a result of the transformation is shown in Fig. 5.14(b).
In steady-state the dq-variables are onstant values33. The transformation onstant is
33
The transformed dq-variables are d.. values and should not be written in terms of rms values.
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hosen in suh a way that the following relationship holds between the transformed and
the input variables:
Sˆ1 =
√
S2d + S
2
q (5.5.2)
5.5.2 General motor voltage and torque equations
In the performane alulations the dq-model of eletrial mahines is used with the dq-
referene frame xed to the rotor that rotates at an eletrial speed of
dθ
dt
. The general
equations that desribe the motor voltages are
ud = R1id +
dψd
dt
− dθ
dt
ψq
uq = R1iq +
dψq
dt
+
dθ
dt
ψd
(5.5.3)
and in steady-state
ud = R1id − ωψq
uq = R1iq + ωψd
}
dθ
dt
= ω (5.5.4)
From the power balane the eletromagneti torque of the three-phase mahine with p
pole pairs is given by
34
Te =
3
2
p [ψm + (Ld − Lq) id] iq (5.5.5)
34
The eletromagneti torque alulated by means of the equivalent iruit parameters diers from
the FEA results given in (C.2.22). Espeially the alulation of Ld is diult sine it is neessary to nd
the ux linkage in the d-axis due to the urrents only, i.e. ψd − ψm.
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where ψm is the ux linkage ontribution of the permanent magnets. Sine the parameters
in (5.5.5) are load dependent as shown by Reihert (2004), the proposed method on the
present dissertation does not alulate the torque from equivalent iruit parameters.
5.5.3 Equivalent iruit
Fig. 5.15(a) and (b) show the d- and q-axis equivalent iruits respetively. Sine both ψd
and ψq are alulated using FEA, it inludes the slot leakage ux linkage ψsl. Therefore,
only the leakage ux due to the end winding ψe needs to be aounted for. This was
presented in setion 5.3.5.3.
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Figure 5.15: Steady-state d- and q-axes equivalent iruits
It is important to mention that ψd inludes the ux ontribution due to the permanent
magnets. The iron loss is modeled as a resistane parallel to the speed voltages ωψd and
ωψq as shown in the gure. Kamper (1996) showed in his dotoral thesis that the ore
loss resistane an be alulated as
Rc = 3
E2
PFe


E =
√
e2d + e
2
q
2
ed = −ωψq
eq = ωψd
(5.5.6)
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The urrents as speied in (5.5.4) do not aount for the ore loss. Therefore the
terminal urrent is alulated as
I1 =
√
i2d1 + i
2
q1
2


id1 = id +
ed
Rc
iq1 = iq +
eq
Rc
(5.5.7)
The ore loss model implies that the terminal voltage is unhanged while the terminal
urrent inreases slightly to aount for the iron loss. The phase terminal voltage inluding
the urrents as given in (5.5.7) and the end winding leakage ux is then alulated as
Up =
√
u2d + u
2
q
2
{
ud = R1id1 − ω (ψq + ψe)
uq = R1iq1 + ω (ψd + ψe)
(5.5.8)
5.5.4 Solution domain
For the frequeny range under onsideration, it is assumed that the ux linkages and
torque are independent of frequeny. This allows the alulation, by means of the nite
element method, of the ux linkages and torque for all possible ombinations of the d- and
q-axis urrents. As a result the motor an be desribed in terms of three 2D funtions,
i.e. T = f(id, iq), ψd = f(id, iq) and ψq = f(id, iq), that inludes the saturation of the
ore. One these funtions are known for a spei design, it is possible, by means of 2D
interpolation routines, to easily alulate the motor performanes over the whole speed
range with high auray. Advantages of this method are:
 It is independent of any indutane alulations.
 The ux linkages and torque an be saled by the axial length and the number of
series turns of the mahine.
 Saturation is automatially aounted for in the nite element analysis.
 It is independent of frequeny.
Fig. 5.16 shows the 3D representation of the torque funtion. Similar representations for
the d- and q-axis ux linkages are shown in Fig. 5.17(a) and Fig. 5.17(b) respetively.
5.5.5 Torque versus frequeny harateristi
The torque versus frequeny harateristi is haraterised by two xed regions, namely
the onstant torque and onstant power region. The eld weakening region is determined
by the maximum allowable motor voltage and the number of series turns. Inreasing the
number of series turns will inrease the voltage to frequeny ratio. The above desribed
2D funtions allow the torque versus speed harateristi to be alulated without any
knowledge of the indutanes, whih hange onsiderably as a funtion of urrent exita-
tion as shown by Beh et al. (2005). For a xed axial length the number of series turns is
a design parameter. This allows the designer to evaluate the overall motor performane.
The following paragraph desribes the method to obtain valid operating points over
the whole speed range. For tration, a maximum torque per ampère ontrol algorithm
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Figure 5.16: Torque as a funtion of id and iq
is often used. This, however, is only possible as long as the motor voltage is below the
maximum allowable voltage. As soon as the maximum voltage has reahed its limit, a
dierent ontrol sheme is neessary. Using the data two-dimensional torque funtion
T = f(id, iq), all the data points for a given torque ommand T
∗
{(id1, iq1), (id2, iq2), . . . (idn, iqn)} ∈ T = T ∗ (5.5.9)
an be obtained by means of a 2D interpolation funtion. Finding a valid operating point
is summarised as follows:
1. Find the minimum stator urrent, I1,min, from the set given in (5.5.9). Thus with
id|T=T∗ = f(iq) a 1D interpolation is used to nd I1,min.
2. With the pair (id, iq)|I1=Imin known, alulate ψd and ψq from ψd = f(id, iq) and ψq =
f(id, iq) respetively.
3. Calulate ud and uq from (5.5.3) and alulate the line voltage, U1.
4. Test if U1 exeeds the maximum allowable voltage, i.e. U1 < Umax.
5. If U1 > Umax hange id until U1 = Umax.
The stator urrent is alulated as given in (5.5.7) and the line-to-line voltage is then
alulated as
U1 =
√
3
(
u2d + u
2
q
)
2
U1 < Umax (5.5.10)
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Figure 5.17: Two-dimensional ux linkage funtions
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The voltage onstraint in (5.5.10) depends on the d..-bus voltage. Field weakening starts
at the operating point where it is neessary to derease id, or to make id more negative.
The urrent angle
α = arctan
(
iq
id
)
(5.5.11)
then needs to be advaned to assure that the maximum voltage is not exeeded.
The operation of the motor in the eld weakening region is now graphially explained
in Fig. 5.18 by making use of steps 1-5. For a given torque a urrent lous is obtained
from the 2D funtions, i.e. I1 = f(id). If the frequeny at the operating point is known
the voltage for eah point on the urrent lous an be alulated, i.e. U1 = f(id). If the
voltage exeeds the maximum allowable voltage where the urrent has it minimum, the
urrent is inreased in a negative diretion toward the intersetion of U1 and Umax on the
urrent lous. At this point the voltage equals the maximum allowable voltage.
5.5.6 Saling of the solution domain
The ux linkages and urrents an be saled by the number of series turns and stak
length. This allows the designer to hoose the number of series turns that best suits the
d..-bus and inverter rating. The hosen number of series turns determines the opper
dimensions and it is neessary to hek the manufaturability of the oils. From the
opper dimensions, the loss alulations as explained in setion 5.4. Thus, the nite
element method and analytial expressions are ombined in a way whih allow fast and
aurate alulations.
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The solution domain is alulated for a stak length lFe and number of series turns Ns.
Taking this as the referene, the two-dimensional funtions an be saled in the following
way:
id =
1
kN
id,ref
iq =
1
kN
iq,ref
ψd = kNklψd,ref
ψq = kNklψq,ref
T = klTref


kl =
lFe
lFe,ref
kN =
Ns
Ns,ref
(5.5.12)
Saling of the solution domain is another advantage whih makes the proposed method
very attrative. Fig. 5.13(b) shows the design proess shematially. In the inner loop,
the solution domain is saled until the design requirements are fullled. As a hek, the
nal solution an be veried by a transient solution.
5.6 Realisation of a prototype
The nal design was build to verify the proposed design methodology. In this setion the
measured results on the prototype are presented.
5.6.1 Manufatured motor
An axial view into the bore of the stator is shown in Fig. 5.19(a). This learly shows
the short end-windings and that there is no overlapping between the phases. The teeth
width around whih the oils are wound is greater than those between two adjaent oils.
For the 280mm bore the hoie of 30 slots resulted in oils that ould be manufatured
without any diulties. The measurement setup of the prototype is shown in Fig. 5.19(b).
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(a) Axial view
(b) Measurement setup
Figure 5.19: Prototype tration mahine
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5.6.2 Stator d.. resistane measurement
The stator resistane is measured by applying 10A d.. urrent to the terminals and the
voltage using the 4-terminal method to avoid the inuene of the ontat resistane. The
measured and alulated stator d.. resistane are given in Tab. 5.8. The error in the
resistane alulation is suiently lower than the allowable 5% tolerane.
Table 5.8: Resistane measurement of the windings
Terminals Unit  24  20 Per phase (Calulated)
1-2 mΩ 99.72 98.18 49.09 48.1
1-3 mΩ 99.62 98.08 49.04 48.1
2-3 mΩ 99.68 98.14 49.07 48.1
5.6.3 No-load measurements
The no-load measurements for the permanent magnet mahine omprise the following:
1. In the rst measurement the terminals are open and the rotor is rotated by means of
an external motor. The terminal line-to-line voltages are then measured at dierent
frequenies.
2. For the seond no-load measurement, a voltage with a xed frequeny is applied to
the terminals. This auses the rotor to rotate at no-load. The stator urrent is then
measured as a funtion of the terminal voltage. If the indued voltage equals that
of the applied voltage, the stator urrent is zero.
In the following two setions the measured results are presented and disussed.
5.6.3.1 Open terminal test
The primary objetives of the open terminal tests are to nd the ux in the mahine due
to the permanent magnets and the no-load losses. Sine the permanent magnets annot
be removed, it is not possible to divide the measured no-load losses into that of iron
loss and wind and frition losses. The measured no-load voltage and torque at dierent
frequenies are given in Tab. 5.9.
The alulated indued voltage as a time funtion and that measured (at 62.5Hz) are
shown in Fig. 5.20. The alulated voltage was obtained from a time-stepped FEA. The
speial air gap element (AGE) as explained in appendix C was used in the time-stepped
analysis.
The no-load voltage is very sensitive to the remanent ux density Br of the magnets.
It is almost always neessary to alibrate the nite element model. The reason for this is
that:
 There is a dierene between the minimum and typial values speied for Br in the
data sheet. Depending on whih value was used in the design, its value in the model
should be hanged to get the same no-load voltage as in the measured results.
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Table 5.9: No-load measured data with open terminals
f U1 n T ψˆ (per phase) PFe + Pwf
Hz V rpm Nm V·s W
42.5 259.9 255 33.6 0.795 897
70 429.4 420 45.2 0.797 1988
130 800.7 780 70.8 0.800 5783
140 862.1 840 73.2 0.800 6439
150 923.4 900 75.6 0.800 7125
160 984.7 960 76.8 0.800 7720
170 1046.1 1020 79.8 0.800 8524
180 1107.2 1080 82.2 0.799 9297
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Figure 5.20: Measured and alulated no-load voltage at 62.5Hz
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 Br is also dependent on the quality of the manufaturer, whih is usually unknown
to the designer.
 In ase of a staggered rotor the ux per pole will be less. The derease in the ux
per pole is a funtion of the staggering angle.
The no-load voltage was measured at a room temperature of 30 (∆T = 10K). The
FEA alulated ux linkages for Br = 1.08T are given in Tab. 5.7. For this alulation the
minimum value of Br as speied by the manufaturer was used
35
. In the nite element
model it is neessary to set Br = 1.04T to get the same no-load voltage for ∆T = 10K
as was measured
36
. One the material properties in the model have been hanged, the
FEA time-stepped results ompare exellently with those measured.
The measured no-load iron loss and the wind and frition losses are shown in Fig. 5.21.
The alulated iron loss with the Maxwell 2D ore as presented in Tab. 5.7 is inluded as
well. A seond order polynomial funtion was tted to the alulated iron loss. Aording
to Germishuizen and Stanton (2008) the alulated loss should be multiplied by a fator
2. If it is assumed that the iron loss alulation is orret, the wind and frition an be
estimated as 2.5Pfit − 2Pfit.
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Figure 5.21: Measured and alulated no-load losses
5.6.3.2 Magnetising urrent
For this test an external voltage with a xed frequeny is applied to the terminals of the
motor. The magnetising urrent for dierent voltages is measured. No load is applied to
35
Generally the minimum value of Br is used by the author in FEA.
36
Eetively this approah aount for the staggering angle as well as the possible inauray of Br
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the motor. The only urrent that ows in this ase is d-urrent. The q-urrent neessary
to overome wind and frition losses is neglible. The measured and alulated results
at 40Hz are shown in Fig. 5.22. Extrapolation of the measured results to U1 = 0 gives
approximately 200A. Sine the permanent magnet type used has its knee in the third
quadrant, the intersetion with the x-axis will be the short iruit urrent.PSfrag repla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Figure 5.22: No-load magnetising urrent at 40Hz
The alulated results are obtained from ψd(id, iq) as shown in Fig. 5.17(a). The
ux linkages are found by interpolation along the d-axis (iq = 0). The use of the two-
dimensional ux linkages funtions to alulate the no-load magnetising urrent ompares
exellently with those measured.
5.6.4 Short iruit test
In this test, the motor terminals are short iruited and onneted to an external motor.
The measured phase urrents are given in Tab. 5.10. From the measured results, the
short iruit urrent at 40Hz is approximately 216A. The alulated short iruit urrent
(whih was obtained through extrapolation) at 40Hz was 219A and ompares very good
with the measured result.
5.6.5 Removed rotor test
The removed rotor test is used to verify the inrease in the stator opper loss due to
the loal eddy urrents. Sine a single winding has only one wire, irulating urrents
as desribed in setion 5.4.2 do not our. Therefore krc = 0. For this test the rotor is
removed and a urrent is applied to the terminals at dierent frequenies. The measured
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Table 5.10: Short iruit test measured results
n I1 I2 I3
rpm A A A
10 86 84 85
50 195 195 194
100 211 210 210
200 215 216 216
259 217 217 216
300 217 217 216
400 218 218 217
500 217 218 216
600 217 218 215
700 216 216 216
800 215 216 214
900 215 215 213
1000 214 214 213
1100 213 214 212
input power with 100A in the range 20Hz-100Hz are shown in Fig. 5.23(a). A 2nd degree
polynomial funtion is tted to the data. Extrapolation to f = 0Hz results in 1.525 kW.
For the alulation of the eddy urrent loss, the measured input power at 100Hz is
used. At this operating point the total inrease in the loss equals 475W. The estimated
temperature during the test is alulated as follows:
Tc =
1
α
(
R1
R1,20
− 1
)
= 34.4


R1 =
1525
3 · 1002 = 50.83mW
R1,20 = 48.1mW
α = 0.00395
(5.6.1)
Using the operating temperature as alulated in (5.6.1), the ondutivity is alulated
as
σ =
σ20
1 + α∆T
= 54.07× 106 S·m−1


σ20 = 57.14× 106 S·m−1
∆T = Tc − 20
Tc = 34.4
(5.6.2)
Therefore, the alulated value of the average resistane oeient for the loal eddy
urrent loss equals kr = 1.1939. This means that the alulated opper loss using (5.4.8)
is
PCu = 3·1002(1.1939·0.04597+0.00531) = 1.806 kW
{
Measured = 2.0 kW
∆P = 194W
(5.6.3)
In order to explain the ∆P = 194W dierene, a transient analysis is performed to
alulate the iron loss. The Maxwell 2D result is shown in Fig. 5.23b. From the ux plot
two aspets ome to the fore. With the rotor removed, the ux density is muh lower than
with the rotor, and the alulated iron loss equals 71W. Additionally, the assumption
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that the ux lines are perpendiular to the slot wall is valid. The distane between of the
ux lines lose to the stator bore ∆ψb is smaller than those lose to the slot bottom ∆ψa.
The means that the ondutors lose to the bore will have larger eddy urrents.
Using the manufaturing fator of 2 as explained in setion 5.4.4, the total iron loss
equals 141W and the dierene equals 41W. The fat that the total alulated loss is less
than the measured loss, is an indiation thereof that other eets are at role. One possible
eet may be that of the end windings in the viinity of the housing. The position of
the end windings relative to the housing an be seen in Fig. 5.19. The result implies that
under load, losses will our in the housing due to the uxes aused by the end windings.
The alulated losses are presented in Tab. 5.11
Table 5.11: Removed rotor loss alulations
Tc 34.4
kr 1.19
f 100Hz
3krI
2
1Rb 1647W
3I21Re 159W
PFe Maxwell 2D ore loss × 2 141W
PTL Measured 475W
∆P 53W
5.6.6 Torque speed harateristi
This paragraph gives the measured results in omparison with those alulated. For the
omparison the urrents from the measurement were used to alulate the torque and
voltages. The measured urrents for the given torque vs speed harateristi are shown
in Fig. 5.24.
The measured and alulated results for the torque and voltage are shown in Fig. 5.26
and Fig. 5.25 respetively. The alulated values were obtained using the three two-
dimensional funtions and interpolation tehniques. A good orrelation is obtained be-
tween alulated and measured results.
In the onstant torque region the voltage to frequeny ratio and the stator urrent are
onstant. One the onstant power region starts the torque is proportional to the inverse
of the frequeny and onsequently a lower voltage is required to obtain the maximum
torque per ampère. This region is haraterised by the lower voltage to frequeny ratio.
At speeds where the motor voltage exeeds the maximum voltage, eld weakening is
neessary. In this region the voltage to frequeny ratio is proportional to the inverse of
the frequeny.
5.6.7 Temperature rise test
The temperature rise test is used to determine the average temperature of the stator
resistane under operating onditions. This setion is divided into dierent parts. First
the measured results are presented, followed by alulated results and a disussion.
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Figure 5.23: Removed rotor test
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Figure 5.24: Measured stator urrent for torque harateristi
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Figure 5.25: Measured and alulated terminal voltage
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Figure 5.26: Measured and alulated torque
5.6.7.1 Measured results
For the ase study prototype, the mahine is operated as a motor at 70Hz and 150 kW
mehanial power with a sinusoidal supply. The ontinuous operation was arried out
until the measured temperatures have reahed equilibrium. The measured results for
the temperature rise test is given in Tab. 5.12. The motor average temperature rise is
∆T = 95K and the eieny is alulated as
η =
Pin − PTL
Pin
× 100% = 89.7%


Ps =
√
3U1I1 = 215.4 kVA
Pin = Ps cosφ = 167.5 kW
n = 420 rpm
Pmech =
2πn
60
T = 150.3 kW
PTL = Pin − Pmech = 17.2 kW
(5.6.4)
5.6.7.2 Adiabati rotor loss
The rotor losses an be estimated by means of the initially adiabati proess that ours
during the approximately rst 15 minutes of the temperature rise test. An adiabati
proess is a hange that ours without any heat ow. The heat energy that is required
to inrease the temperature by a ertain temperature interval is
∆Q = mc∆T (5.6.5)
where ∆Q is the energy put into the rotor, m is the mass, c is the spei heat apaity,
and ∆T is the temperature dierential where the initial temperature of the reation is
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Table 5.12: Temperature rise test at 70Hz
U1 I1 T Pin cosφ Air inlet Room Pmech
V A Nm kW -   kW
585.5 201.3 3400 161.0 0.79 26.8 24.1 149.6
584.6 206.3 3404 162.7 0.78 27.1 24.4 149.7
585.1 209.4 3402 163.2 0.77 27.8 25.2 149.6
585.4 214.6 3406 165.3 0.76 28.1 24.4 149.9
584.8 224.8 3452 171.0 0.75 28.1 24.4 151.8
545.6 227.9 3416 167.5 0.78 27.5 23.9 150.3
subtrated from the nal temperature. Fig. 5.27 shows the measured rotor temperature
during he heat run test. The rst 15 minutes were used to estimate the adiabati rotor
loss. The time derivative of the energy allows the alulation of the rotor losses, i.e.
d∆Q
dt
= mc
∆T
∆t
= 1.95 kW


m = 216 kg
c = 0.45 kJ·kg−1·K−1
∆T
∆t
= 0.02
(5.6.6)
This means that the rotor loss is approximately 2 kW. When heat ow starts, temperature
gradient dereases.
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Figure 5.27: Measured rotor temperature
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Table 5.13: Calulated FEA results at 70Hz
β Up I1 α ψ ϕ T
° V A ° V·s ° Nm
-120 337.8 486.9 -145.8 1.117 -120.73 -4600
-100 337.8 430.5 -132.0 1.120 -101.6 -5223
-80 337.8 356.4 -117.7 1.126 -82.5 -5051
-60 337.8 277.1 -101.6 1.118 -63.46 -4196
-40 337.8 195.2 -81.9 1.110 -44.12 -2876
-20 337.8 133.2 -55.8 1.098 -24.63 -1483
0 337.8 99.5 -16.8 1.089 -4.86 -367
20 337.8 101.8 28.3 1.078 15.06 646
40 337.8 142.0 72.9 1.070 35.19 1826
60 337.8 208.6 99.9 1.051 55.55 3183
80 337.8 291.9 119.0 1.044 76.08 4256
100 337.8 379.6 131.5 1.030 97.07 4763
120 337.8 439.8 145.6 1.031 118.12 4511
5.6.7.3 Transient FEA
The proposed method suggested that a transient FEA should be exeuted to hek the
nal design. This was shown graphially in Fig. 5.13. The nal design was alulated
for dierent urrent angles at 70Hz and the same supply voltage as during the temper-
ature rise test. The Maxwell 2D transient solver was used and the alulated results are
presented in Tab. 5.13.
The torque as funtions of α, β and ϕ for a given phase voltage are shown in Fig. 5.28.
Looking from the motor terminals, the torque as a funtion of β is preferred. Typially in
this ase voltage soures are used in the transient FEA and β is a diret input parameter.
In this ase pullout torque is reahed at approximately 100Hz. The T (β) urve is used
to nd the voltage angle for 3416Nm. At this operating point β = 64°.
When urrent soures are used, it is preferable to plot torque as a funtion of the
urrent angle. This is shown as the dashed line. Sine the torque is the sum of the
relutane torque and the torque due to the permanent magnets, it is non-sinusoidal. For
T = 3416Nm, the urrent angle equals 104° and I1 = 225A.
5.6.7.4 Loss alulations
Detailed loss alulations are oered in Tab. 5.14. The loss alulations are performed
for the nal temperature during the test. The ontribution due to the loal eddy urrent
losses is very small. The alulated magnet loss from the 2D FEA is multiplied by Boules's
fator as shown in Fig. 5.12. Adding the rotor iron loss to that of the permanent magnet
loss, the results ompares good with the adiabati loss in (5.6.6). The 781W dierene,
ould be the ause of the end winding leakage ux in the viinity of the housing as shown
in Fig. 5.19.
Tab. 5.15 summaries the alulated voltages and urrents (for the temperature rise
test) for the dierent software used. It is important to mention that the alulated
quantities are obtained independent of eah other. As a result of this, the power fator an
be alulated form the angle between the voltage and urrent or from the loss alulation
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Figure 5.28: Calulated results from Tab. 5.13 (Up = 337.8V)
Table 5.14: Tempeature rise test loss alulations
Tc 118.9
kr 1.055
f 70Hz
3krI
2
1Rb 10 481W
3I21Re 1108W
PFe,S (Maxwell 2D ore loss × 2) 2112W
PFe,R (Maxwell 2D ore loss × 2) 446W
Ppm (Maxwell 2D power loss × 0.75) 1772W
Pwf ≈ 500W
PTL Measured 17 200W
∆P 781W
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Table 5.15: Calulated vs Measured
Measured Maxwell 2D FEMP
U1/kW 546 585 585
I1/A 228 225 234
T/Nm 3416 3416 3432
α/° - 104 105
β/° - 64 55
and input power. Often the results are dierent.
5.7 Summary
In this hapter a fast and aurate method to design interior permanent magnet mahines
is proposed. The analytial and nite element methods are ombined whih makes it
suitable for use in an everyday design environment. A tration mahine prototype was
build and tested to verify the alulated results. The measured and alulated results
ompare exellently. This answers the main researh question.
Chapter 6
Conlusions and reommendations
This hapter ontains the onlusions for the analysis of interior permanent magnets
motors with non-overlapping stator windings. Thereafter reommendations for further
studies are oered.
6.1 Introdutory remarks
When designing interior permanent magnet mahines with single layer non-overlapping
windings, it will be neessary at some stage to deal with the stator winding. This ould
be during the mehanial onstrution in the mehanial design or the rotating mmf in
the eletrial design. In either ase some tehnial diulties must be overome. Even
if the mehanial realisation is negleted and the fous is kept on the eletrial design,
stator windings are a very interesting subjet but also very omplex.
6.2 Answering the researh sub-questions
This setion presents the answers to the researh sub-questions.
6.2.1 What is the mathematial expression to alloate the
stator slots belonging to a phase belt?
The rst researh sub-question dealt with the systematis to alloate the slots that belong
to a phase belt. Then, after doing this, the onentrated oils an be inserted in the
appropriate slots. It is important to mention that a proper denition of the phase belt is
essential in the rst step of a winding design.
The answer to this question is given in hapter 3. In order to answer this question
the single Nt-turn oil theory was presented to dene the mmf envelope funtions. The
mmf envelope funtions are a neessity to dene phase belts. It is onluded that the
mathematial expression to alloate the slots is given by the phase belt onstraint, whih
is derived from the mmf envelope funtions. This onstraint allows a designer to alloate
the stator slots for the oil sides of non-overlapping onentrated windings.
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6.2.2 How an a winding layout be represented in a ompat
form?
This seond researh sub-question is onerned with how the winding layout an be pre-
sented. Espeially when using the nite element method as a design tool, the entry of the
winding an be a very time-onsuming proess. A ompat representation of the winding
would simplify this proess and thereby minimise errors, whih is desirable in an everyday
design environment.
The question is answered in hapter 3. The winding matrix is presented. For both
the ingoing and outgoing oil sides the matries M1 and M2 are dened respetively. It
is onluded that the winding an be represented in a ompat form by means of the
winding matrix. The winding matrix allows the designer to easily alulate the urrent
sheet anti-node and the magneti axes. These are neessary to desribe the mahine
operating point. Furthermore, the winding matrix an be used to alulate the slot mmf.
6.3 Answering the main researh question
How an an analysis method be desribed to aurately alulate the perfor-
mane of interior permanent magnets motors with non-overlapping windings
in an everyday design environment?
Aurate, fast and inexpensive engineering tools are required to predit mahine perfor-
mane. In addition, the design tools should be able to integrate in an existing everyday
design environment.
Chapter 5 showed that the mahine's physis an be desribed by the three two-
dimensional funtions T (id, iq), ψd(id, iq) and ψq(id, iq). Using two-dimensional interpo-
lating funtions in onjuntion with analytial expression for the losses, the mahine
performane an be alulated for any operating point. The solution domain presented is
alulated using FEM and the neessary proedures and methods are explained in hapter
4.
The auray of the method was veried by means of a prototype tration mahine.
From the results it is onluded that the three two-dimensional funtions an be used
to aurately alulate the performane of permanent magnet mahines in an everyday
design environment. The developed analysis is based on real physial two-dimensional
mahine models. In doing so the number of empirial expressions are kept to a minimum.
Although there is a variety of materials and dierent topologies assoiated with interior
permanent magnets mahines, it is yet not well known. Therefore, the results of the
proposed analysis method is superior to the well established indution mahine analytial
theory.
The unique ontributions of the present dissertation are summarised as follows:
 the performane alulation method;
 an expression that denes a phase belt; and
 the winding matries from whih important mahine properties an be alulated.
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6.4 Reommendations for further researh
The proposed model and the veriation thereof in this thesis dened a framework in
whih the performane of permanent magnet mahines an be aurately alulated in
an everyday design environment. It provides detailed information on all the terminal
quantities. In addition, the designer has all the internal data of the mahine. Even
though the objetive of this thesis has been met, onsiderable sope for further work has
been exposed.
Based on the results obtained in the proposed proedure to alulate the mahine
performane, the following are reommended:
 The fous in the present dissertation was the terminal quantities and the opper
loss. As a next step, similar to the ux linkages, the ux densities in the stator
teeth and yoke should be alulated as two-dimensional funtions. In doing so the
iron loss for a given frequeny an be approximated based on FEA alulated ux
densities.
 Besides the stator iron loss issue, detailed work needs to be done to determine the
mahine's rotor losses. The stator slotting auses iron loss and eddy urrent loss in
the permanent magnets. Based on the physial quantities developed in the present
dissertation, the methods an easily be extended to investigate the eet of the air
gap mmf harmonis on the eddy urrent loss in the permanent magnets.
Appendies
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Appendix A
Klíma's losed expression
A.1 Introdutory remarks
Until now, the literature that refers to Klíma's losed expression is very limited. Authors
that refer to the losed expression are Kremser (1989) and Brune et al. (2003). Addition-
ally, they are all related to the university of Hanover where Vílem Klíma regularly held
letures sine 1964 as reported by Frohne and Seinsh (1985).
A.2 Distribution fator
The distribution fator, as summerised by Brune et al. (2003) (in English), for all types
of m-phase symmetrial frational slot windings is given as
ξp =


sin
(
pi
Qs
Ykq1ν
)
− ej pit Ykν sin
(
pi
Qs
Ykq2ν
)
(q1 + q2) sin
(
pi
Qs
Ykν
) ej piQs Yk(q1−1)ν q1 6= q2
sin
(
pi
Qs
Ykq1ν
)
q1 sin
(
pi
Qs
Ykν
) q1 = q2
(A.2.1)
where
Yk =
gQs
p
+
Qs
Qbp


t = gd(Qs, p)
Qb =
Qs
t
g = smallest integer for whih Yk ∈ N
(A.2.2)
is the ommutator pith. The numbers q1 and q2 depend on whether Qb is even or odd
and are alulated as follows:
q1 =


q2 =
Qb
2m
Qb even
q2 + 1 =
Qb +m
2m
Qb odd
(A.2.3)
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Slot ombinations
The feasible slot and pole pair ombinations for the prototype ase study was hosen
on the basis of the stator inner diameter. In setion 5.3.3 the possible ombinations are
presented in Tab. 5.4. Sine the manufaturability of the oils was the main riteria, the
ombination with 30 slots and 10 pole pairs was the best option. The winding fators and
slot mmf for the remaining ombinations not used, are presented in this appendix. The
results are shown in Fig. B.1 through Fig. B.5.
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Figure B.1: Winding fators and slot mmf for Qs = 24 and p = 8
116
117
PSfrag replaements
ξ10
ξ50 ξ70
ν
ξ ν
Slot number
F
s
lo
t
(A
t)
0 5 10 15 20 25
0
10
20 30 40 50
60
70
-1
-0.5
0
0.5
1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1
Figure B.2: Winding fators and slot mmf for Qs = 24 and p = 10
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Figure B.3: Winding fators and slot mmf for Qs = 30 and p = 13
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Figure B.4: Winding fators and slot mmf for Qs = 36 and p = 12
PSfrag replaements
ξ15
ξ75 ξ105
ν
ξ ν
Slot number
F
s
lo
t
(A
t)
0 5
10
15 20
25
30 35
0 10
20
30 40 50 60 70 80 90
100
-1
-0.5
0
0.5
1
0
0.1
0.2
0.3
0.4
0.5
0.6
0.7
0.8
0.9
1
1.1
Figure B.5: Winding fators and slot mmf for Qs = 36 and p = 15
Appendix C
Revision of the Air Gap Element
The use of an air gap element (AGE) in the nite element analysis means that the air gap
mesh is replaed. It is also very aurate sine it is derived from the analytial solution,
and sine there is no mesh in the air gap there are no limits on rotor angular movement.
In this setion the graphial presentation and the AGE matrix are reviewed.
C.1 Introdutory remarks
In the design of eletrial mahines a detailed analysis is required of the magneti eld
distribution to predit the mahine's performane. This then generally leads to the al-
ulation of eletromagneti fores and torque. The problem when solving the magneti
eld using the nite element method is the rotation of the rotor and its inuene on the
mesh after eah movement. There are several ways to ahieve movement of the rotor past
the stator. Some of them inlude the boundary element tehnique, oupled elements, slip
surfae, pre-stored meshes and a moving-band.
Abdel-Razek et al. (1981) introdued an air gap element (AGE) for the nite element
analysis of rotating eletrial mahines. It allows to keep a onstant topology while the
rotor is moved. The AGE replaes the mesh in the air gap and is based on the analytial
solution of the eld in the air gap ombined with a nite element solution of the eld in
the non-linear parts of the stator and rotor. Feliahi et al. (1983) extended the AGE to
be onsistent with seond order iso-parametri nite elements.
Advantages of the method are that the model of the air gap is almost perfet and
the auray depends only on the quality of the disretisation of the stator and rotor.
However, due to the omputing time neessary to ompute the AGE matrix the to-
tal alulation time is longer ompared to that of the lassial nite element method.
Flak and Volshenk (1994) introdued a time-saving omputational sheme whih en-
ables a rapid re-alulation of the AGE stiness terms and thereby a redued time to
obtain a eld solution. The idea of the AGE was initially derived for the polar oordinate
system and Wang et al. (2002) derived the AGE for artesian planes.
From most reent publiations by Kalokiris et al. (2005) it an be summarised that
the AGE is still in use. Gersem and Weiland (2005) improved the omputational time to
be as eient as the moving-band and sliding-surfae methods.
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Figure C.1: Finite element mesh with Air Gap Element
C.2 Graphial presentation of the AGE
A nite element mesh that inludes the air gap element is shown in Fig. C.1. The AGE
is uniform and the inner and outer radius falls on r = a and r = b respetively. Both the
stator and rotor are meshed and the AGE is the element bounded by the nodes lying on
both sides of the air gap. A solution domain orresponding to positive periodiity of the
vetor potential is used to derive the air gap element theory and is dened by θ0.
The side lying on the negative x-axis is referred to as the master37 and the side lying
on π − θ0 is the slave. The nodes on the rotor outer radius are numbered from 1 to s,
and the nodes on the stator inner radius from s + 1 to t. Due to periodiity, the nodes
of the AGE lying in the slave is not used. The nodes are saved in polar oordinates. The
positive rotation diretion is ounter-lokwise.
37
The FE program assumes the master boundary to lie on the negative x-axis.
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C.2.1 AGE stiness matrix
The general form for the AGE stiness terms are given by Abdel-Razek et al. (1982) as
Sij =
θ0
4
ln
(
b
c′
)− ln ( a
c′
)
ln
(
c
c′
)
ln
(
e
e′
) aoiaoj + θ0
2
∞∑
n=1
f(λn) (anianj + bnibnj) (C.2.1)
given that
aoi =
θi+1 − θi−1
θ0
, λn =
2πn
θ0
and f(λn) =
λn
Fce
(Fbce − Face) (C.2.2)
where
Fce =
[( c
c′
)λn −(c′
c
)λn][( e
e′
)λn − (e′
e
)λn]
Fbce =
[(
b
c′
)λn
−
(
c′
b
)λn][( b
e′
)λn
+
(
e′
b
)λn]
Face =
[( a
c′
)λn − (c′
a
)λn][( a
e′
)λn
+
(
e′
a
)λn]
The Fourier oeients in (C.2.1) are alulated as follows
ani = −kn
[
1
φ1
sin
(
λn
2
φ2
)
sin
(
λn
2
φ1
)
+
1
φ3
sin
(
λn
2
φ4
)
sin
(−λn
2
φ3
)]
(C.2.3)
bni = kn
[
1
φ1
sin
(
λn
2
φ1
)
cos
(
λn
2
φ2
)
+
1
φ3
sin
(−λn
2
φ3
)
cos
(
λn
2
φ4
)]
(C.2.4)
where
φ1 = θi − θi−1; φ2 = θi + θi−1
φ3 = θi − θi+1; φ4 = θi + θi+1
kn =
4
λ2nθ0
C.2.2 Time-saving sheme
The omputational time an be redued if the terms in the AGE matrix that are inde-
pendent of rotor angular movement are stored. Only the AGE matrix terms dependent
on rotor angular movement need to be realulated for eah ∆θ. This, however, implies
more storage but the realulation time is remarkable as shown by Flak and Volshenk
(1994).
From the Fourier oeients given in (C.2.3) and (C.2.4) φ1 and φ3 are unhanged
when the rotor is moved through an angle ∆θ, whereas φ2 and φ4 hange as follows:
φ2 → φ2 + 2∆θ and φ4 → φ4 + 2∆θ. For eah of the Fourier oeients a time-saving
sheme will be introdued.
122 APPENDIX C. REVISION OF THE AIR GAP ELEMENT
C.2.2.1 Simplied Fourier oeients
Using sin(−x) = − sin(x), (C.2.3) an be rewritten as
ani =
kn
φ1
sin
(
λn
2
φ2
)
sin
(−λn
2
φ1
)
+
kn
φ3
sin
(
λn
2
φ4
)
sin
(
λn
2
φ3
)
(C.2.5)
Setting
Cni =
kn
φ1
sin
(−λn
2
φ1
)
and Dni =
kn
φ3
sin
(
λn
2
φ3
)
(C.2.6)
and substituting into (C.2.5), the result is
ani = Cni sin
(
λn
2
φ2
)
+Dni sin
(
λn
2
φ4
)
(C.2.7)
Introduing movement (C.2.7) hanges as follows:
ani|+∆θ = Cni sin
(
λn
2
(φ2 + 2∆θ)
)
+Dni sin
(
λn
2
(φ4 + 2∆θ)
)
(C.2.8)
The result in (C.2.8) an be rewritten when simplied using trigonometri identities
38
as
ani|+∆θ = Gni cos (λn∆θ) + Fni sin (λn∆θ) (C.2.9)
where
Fni = Cni cos
(
λn
2
φ2
)
+Dni cos
(
λn
2
φ4
)
(C.2.10)
and
Gni = Cni sin
(
λn
2
φ2
)
+Dni sin
(
λn
2
φ4
)
(C.2.11)
Equation (C.2.9) an be written in a ompat form using a trigonometri identity
39
is
given as
ani|+∆θ = Hni cos (λn∆θ + Pni) (C.2.12)
where
Hni =
√
F 2ni +G
2
ni and Pni = tan
−1
(−Fni
Gni
)
(C.2.13)
A similar method that was used to simplify ani will now be introdued to the oeient
bni. From (C.2.4) we set
Cni =
kn
φ1
sin
(
λn
2
φ1
)
and Dni =
kn
φ3
sin
(−λn
2
φ3
)
(C.2.14)
38 sin(x± y) = sin(x) cos(y)± cos(x) sin(y) and cos(x± y) = cos(x) cos(y)∓ sin(x) sin(y)
39 A cos(x) ±B sin(x) = R cos (x+ θ) where R = √A2 +B2 and θ = tan−1 (∓B
A
)
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and subtituting for bni results in
bni = Cni cos
(
λn
2
φ2
)
+Dni cos
(
λn
2
φ4
)
(C.2.15)
If rotor movement is introdued the oeient will hange as follows
bni|+∆θ = Cni cos
(
λn
2
(φ2 + 2∆θ)
)
+Dni cos
(
λn
2
(φ4 + 2∆θ)
)
(C.2.16)
and using a trigonometri identity it simplies to
bni|+∆θ = Fni cos (λn∆θ)−Gni sin (λn∆θ) (C.2.17)
Equation (C.2.17) an further be simplied to minimise the omputational eort as was
done in (C.2.12). This results in
bni|+∆θ = Hni cos (λn∆θ + Pni) (C.2.18)
where
Hni =
√
F 2ni +G
2
ni and Pni = tan
−1
(
Gni
Fni
)
(C.2.19)
The onstants λn, Hni and Pni need to be pre-determined. It requires more storage but
in ase of movement ∆θ the Fourier oeients an be re-alulated in a muh shorter
time whih signiantly redues the total alulation time.
C.2.2.2 Stepped AGE
An implementation of the time-saving sheme implies that the onstants given in (C.2.13)
and (C.2.19) need to be stored in memory. This only holds for the nodes that are sta-
tionary. In the program the stator is hosen to rotate with ounter-lokwise taken as
positive
40
. Thus the Fourier oeients of the rotor nodes (1− s) are saved. For a move-
ment ∆θ the new Fourier oeients for the stator AGE nodes are re-alulated using
(C.2.12) and (C.2.18) for ani and bni respetively. This holds for nodes (s+ 1) to t.
C.2.3 Periodiity onditions
In some problems the symmetry an be used to redue the size of the model. When
possible only one pole-pith is modeled whih means that the periodiity ondition must
be negative. Fig. C.2 shows a simple example of a eld solution having positive periodiity.
Using symmetry only half the model an be used. In suh a ase the aoi equals zero as
shown by Flak and Volshenk (1994) and (C.2.1) redues to
Sij =
θ0
2
∞∑
n=1
f(λn) (anianj + bnibnj) for n = 1, 3, 5, . . . (C.2.20)
where the Fourier oeients have twie its value as given in (C.2.3) and (C.2.4). If
the equation for alulating the oeients are kept the same in the ase of negative
40
This implies that the relative rotation of the rotor with respet to the stator is lokwise.
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Figure C.2: Vetor potential solution with positive periodi boundary onditions
periodiity the term ontaining the oeients in (C.2.20) need to hange as follows
(anianj + bnibnj)→ (2ani2anj + 2bni2bnj) and (C.2.20) has the form
Sij = 4
θ0
2
∞∑
n=1
f(λn) (anianj + bnibnj) for n = 1, 3, 5, . . . (C.2.21)
C.2.4 Eletromagneti torque
The eletromagneti torque in an eletrial mahine is given by the Maxwell tensor as a
funtion of the radial and tangential omponents of the ux density. The ux density in
the air gap is alulated by derivatives of the expansion of the shape funtions whih then
results in the quadrati produt
T = −p lFe
µ0
ATTA (C.2.22)
For simpliity the variables as presented by Abdel-Razek et al. (1981) were hanged as
follows c = c, c′ = c, g = e′, g′ = e, and k = λn. The matrix T is then given by
tij =
θ0
2
∞∑
n=1
λ2nFcer (anibnj − bnianj) (C.2.23)
and
Fcer =
[(
r
c′
)λn
+
(
c′
r
)λn] [( r
e′
)λn − (e′
r
)λn]
[(
c
c′
)λn − ( c′
c
)λn] [( e
e′
)λn − (e′
e
)λn] (C.2.24)
In the ase of negative periodiity the Fourier oeients holds only for n odd. The
Fourier oeients have twie its value ompared to positive periodiity
41
. For similar
onditions as in (C.2.21), (C.2.23) for negative periodiity hanges to
tij = 4
θ0
2
∞∑
n=1
λ2nFcer (anibnj − bnianj) for n = 1, 3, 5, . . . (C.2.25)
41
If the alulating of the Fourier oeients is done in the same way for both negative and positive
periodiity it might be neessary to multiply (C.2.25) by a fator 4. This will however depend on how
the fator 2 for the Fourier oeients in the ase of negative periodiity is handled.
C.3. CAMBRIDGE SOFTWARE 125
PSfrag replaements
θ in mehanial degrees
T
(N
m
)
AGE
Sliding surfae
0 9
18
27 36
-80
-60
-40
-20
0
20
40
60
80
Figure C.3: Torque ripple alulation using the AGE
The torque ripple for the nite element mesh in Fig. C.1 is given in Fig. C.3. For the same
ondition as in the Cambridge software, the torque ripple was alulated with Maxwell
2D.
C.2.5 Air gap ux density
The air gap ux density an be alulated from the vetor potential solution. In ase of
the AGE the nodes on r = b, the stator inner diameter nodes, are used. Nodes (s+1)− t
are already available from the AGE. For the omplete solution the node 〈rb, (π − θ0)〉
must be inluded. Bδ is then alulated as follows
Bδ =
1
r
(
Az(i+ 1)− Az(i)
θi+1 − θi
)
(C.2.26)
Sine the ux density as alulated in (C.2.26) is obtained from dierentiation, the result
an be inaurate for numerial reasons. To obtain better results it is preferable to perform
a spatial harmoni analysis on the vetor potential as presented in 4.5.3. Dierentiation
of the harmoni omponents give better results.
C.3 Cambridge software
A short history of the development of the software at the University of Stellenbosh sine
1993 will now be given. Among the post-graduate students in the Eletrial Mahines
Laboratory the software is known as the Cambridge software. There is, however, no
ollaboration between the University of Stellenbosh and University of Cambridge in this
regard. Sine 1993 the software has been further developed individually.
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C.3.1 History of the Cambridge software
Albertus Volshenk, a South Afrian itizen, did his Ph.D at Cambridge University in
England. During his studies in the Department of Engineering, under the supervision of
Prof. Williamson, he used the nite element software to analyse a salient pole generator
feeding a retier load. Volshenk (1993) improved the alulation time of the air gap
element. At this stage the software was written in Fortran running on a Unix mahine.
Williamson and Volshenk (1995b) presented the outome of the researh in a journal
paper.
Upon his return to South Afria he left a opy of the soure ode in the Department of
Eletrial Engineering at Stellenbosh University. Kamper (1996) adapted the software,
still running under Unix, to perform an optimisation of a age less synhronous relutane
mahine.
When the development of the software started, memory was still expensive and the
data management was mainly done by means of the hard disk. Germishuizen et al. (2000)
ported the software to a stand-alone PC and used the software to ompare an indution
mahine with a synhronous relutane mahine for rail tration.
At present the software is apable of running on Window mahines. The graphial
output is viewed by software written in Matlab.
C.3.2 Alternative form of the time-saving sheme
In the Cambridge software the angles for the time-saving sheme is alulated as follows:
Fni = Cni cos
(
λn
2
θ1
)
+Dni cos
(
λn
2
θ3
)
(C.3.1)
using θ1 and θ3 instead of φ2 and φ4 as given in (C.2.10). The same holds for Gni whih
in the software equals
Gni = Cni sin
(
λn
2
θ1
)
+Dni sin
(
λn
2
θ3
)
(C.3.2)
The value Pni for the oeients are then alulated as follows
Pni =
λn
2
θ2 − tan−1 Fni
Gni
and Pni =
λn
2
θ2 − tan−1 Gni
Fni
(C.3.3)
for ani and bni respetively. This is dierent from that given in (C.2.13) and (C.2.19).
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